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Abstract

In this note we consider Kotani eigenstates of one-dimensionabSchr
dinger operators with ergodic potential. We show that if the spectrum, re-
stricted to an interval, has zero Lyapunov exponents and is a Cantor set,
then for a residual subset of energies, Kotani eigenstates do not exist. In
particular, we show that the quasi-periodic Satinger operators whose
Schiddinger quasi-periodic cocycles are reducible for all energies have a
limit band-type spectrum.

1 Introduction. Main results

The aim of this note is to relate the existence of Kotani eigenstates for
one-dimensional Schdinger operators with ergodic potential to the Can-
tor structure of the spectrum. More specifically, we consider a probability
measure spac@?, 1), a measure preserving invertible ergodic transforma-
tion T', and a bounded measurable real-valued fundtior©? — R. We let

H,, be the operator oi¥(Z) defined by

(Hyz),, = Tng1 + Tn—1 + V(T"w)xy, n € 7. 1)

Our primary interest is with almost periodic and quasi-periodic operators,
which are included this formulation. Most of the arguments can be trans-
ported to the continuous case, with straightforward adaptions, although we
restrict to the discrete case for the sake of definiteness.
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As it is well-know, an operator like (1) can exhibit different spectral
types, depending oW, w andT'. These different types are very much related
to the behaviour of solutions of the corresponding eigenvalue equation

Tntl + Tno1 + V(T"w)xy = axy, n €7z, (2)

beinga the energy To measure the exponential growth of solutions in the
spectrum, which is relevant for the spectral decomposition, one can intro-
duce theupper Lyapunov exponeas the limit

7(a) :Nliriloo% /ﬂ log || Ay (TN 'w) -+ Agy (W) || du(w),

where
A= (779 ),

and whose existence is granted by the subadditive ergodic theorem [Kin68].
Outside the spectrum di,,, which isu-a.e. independent of and we write
asy, the Lyapunov exponent is always positive.

Ishii-Pastur-Kotani theory, see Simon [Sim83] for the discrete version,
relates the absolutely continuous spectrum to the set of zero Lyapunov ex-
ponents

Ao = {a € E;v(a) =0}

If Ag has positive measure, its essential closure is the support of the ab-
solutely continuous part of the spectrum ®f,, which is y-a.e. constant
[KS81]. Moreover, for almost every € Ay (in the Lebesgue sense), equa-
tion (2) has a pair of independent solutions of the form

r) = eiW(”’w)w(T”w)

and _
x; = efup(n,w)w(an)

wherep(n,w) is measurable an¢g € L?(92), which we will call Kotani
eigenstatessee Deift & Simon [DS83]. In the almost-periodic case, the
norm of these solutions is dit-almost-periodic function with the same fre-
quency module than the potentill In this note we address the possible
existence of Kotani eigenstates for the remaining energies and the connec-
tion with the existence of gaps in the spectrum. Therefore we define the
set

A; = {a € X;there are Kotani eigenstaies

It is easy to see that
./41 C ./40 c Y.



The last inclusion is strict, since the Lyapunov exponent can be positive
in the spectrum (e.g. [Her83, SS91, Bou05, Bje05]). In this note we will
characterise when the first inclusion is strict.

De Concini & Johnson [DCJ87] considered the case whgreontains
nonvoid intervals. Letl be one of these open maximal intervals. Then,
they show that foall a € I, Kotani eigenfunctions do exist. At endpoints
of I Kotani eigenfunctions cannot exist, as we will see later on, but these
form (at most) a countable set in any case. The content of our main theo-
rem is that whenever endpoints of gaps are denséyitherefore being a
Cantor set), energies without Kotani eigenstates are topologically abundant
(although with Lebesgue zero measure according to Kotani theory).

Theorem 1 Let/ be an open interval itR such that
INY={aeIl;v(a)=0}=AoNI.
and it is a nonvoid Cantor set. Thénly\ .A;) NI is aresidualGs of AgN 1.

Cantor spectrum has been derived for several models, most notably the
Almost Mathieu,V'(0) = bcos 6 and an irrational frequency. In fact, this
work is inspired by some of the methods developed by Riedel [Rie03] to
treat this case. Moreover, the Lyapunov exponent has been showrDto be
in the spectrum if, and only ifip| < 2. Therefore, we have the following
immediate consequence:

Corollary 2 In the Almost Mathieu operator, with irrational frequency and
nonzero coupling, there is &s-set of energies in the spectrum without
Kotani eigenstates.

Remark 3 The fact that the AlImost Mathieu model is invariant under Fou-
rier transform @ubry duality), allows to try to produce the same result using

a theorem by Jitomirskaya & Sim¢#S94]who prove that, under the same
hypothesis as Corollary 2, there is a residda} of energies which are not
point eigenvalues (it?(Z)). Then using Aubry duality, the dual set of ener-
gies could not havé? quasi-periodic Bloch waves, which are a particular
case of our result. Note that for the existence of Kotani eigenstates no con-
trol is imposed on the phase of the sequence (only that its modulus follows
the dynamics of’), and for Bloch waves dynamics are imposed also in the
phase, see the discussion following Theorem 7[D883].

Finally, we would like to state a result concerning tleelucibility of
quasi-periodic Scliidinger cocycles to constant coefficients. In this case
is a suitablel-dimensional torus and is a quasi-periodic translation defined
by a frequency vectax € R¢ whose components are rationally independent.
A quasi-periodic Sclidinger operator is reducible to constant coefficients
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if there is a continuous quasi-periodic transformation, with the same basic
frequencies, which renders it to constant matrix (calledleguet matriy.

If a Schibdinger cocyle whose energyis not at the endpoint of a gap is
reducible to constant coefficients then the Floquet matrix can be chosen in
SO(2,R) and therefore: has Kotani eigenstates. This implies that we can
get a sort of “inverse” result.

Theorem 4 If a quasi-periodic Schirdinger cocycle is reducible to constant
coefficients for all energies then the spectrum consists of spectral bands
(nonvoid closed intervals in the spectrum) and accumulation points of these.

Proof: If a Schibdinger cocycle is reducible to constant coefficients and the
Lyapunov exponent is positive, then it has an exponential dichotomy and
the corresponding energy belongs to the resolvent set [Joh82]). Thus if a
Schidinger cocycle is reducible to constant coefficients for all energies in
the spectrum then the Lyapunov exponent must be zero in the spectrum. If
in addition there is a component of the spectrum which is a Cantor set, we
are under the hypothesis of Theorem 1 and there do not exist Bloch waves
for a G5 of energies. Even if at endpoints of gaps the cocycle is reducible
to constant coefficients and there is only a single Bloch wave, these end-
points form a countable set. So the cocycle is still nonreducible to constant
coefficients for a residual set of energiés.

2 Proof of Theorem 1

TakeI an open interval ifR such that
K:=InY={a€l;y(a) =0} =AyNI.

We must show thaf contains a residual set of energies without Kotani
eigenstates.

It is worth noting that, with these hypothesis, the Lyapunov exponent is
a continuous function oih. Indeed, continuity at the resolvent set follows
from general principles and continuity at pointsfof wherey vanishes, is a
consequence of the upper semi-continuous character of the Lyapunov expo-
nent [CS83]. The following lemma states thatdn the Lyapunov exponent
is also Lipschitz.

Lemmab If ap € K is an energy with Kotani eigenstates, then the map
a€Rw— v(a)

is Lipschitz atag.



Whenay lies at the endpoint of a gap i, then one cannot have Lips-
chitz continuity atay.

Lemma 6 Assume thaty is the endpoint of an open gap in the spectrum
with y(ag) = 0. Then

7(a) — (a0
a — ap

= 0. 3)

sup
aFag

Proof: The Lyapunov exponent can be expressed thrdugiuless formula
[Tho72, AS83, CS83],

Y(a) = /R log |\ — alds ()

wheredx stands for the integration with respect to the density of states mea-
sure (supported on the spectrum). Introducing the so-calléanctionor
Floquet exponent

w(a) = —/Rlog()\ — a)dr(A)

then Rew(z) = —~(z). If I' denotes an open spectral gap then a suitable
choice of the branch of the logarithm makes it analytic throldghuT"UTI _.
Its derivative,

reoN 1
wo) = [ 5odny) @

is a single-valued function o8 \ X which is never zero.

Let us now show that ifiy is an endpoint of* the Lyapunov exponent
has the asymptotics given by Equation (3). For the sake of simplicity, let
ao be the leftmost endpoint of the spectrum so that the corresponding gap
isT" = (—o0,ag). Take the determination of the logarithm which makes
analytic and conformal &t \ [ag, +00). With this choicew(a) is real and
negative ifa € (—o0, ap).

Since~ is analytic in(—oo, ag), with 4/ negative andy” nonzero there
(see Equation (4)), andis continuous at, the limit

lim  w'(a) =— lim 49/(a) = — lim v(@) = 7(a0)

a—ag ,a€R a—agy a—agy a — agp
exists and is eithes-oo or C, a finite positive constant. Let us now see
that the latter case is impossible. Montel's theorem (eg. [Sch93]) shows
that in that casey’ possesses angular limits @t when approaching from
C\ [ao, +o0) and they are all equal 6. Therefore, since is conformal at
C\ [ag,+00) andC # 0 thenw must preserve angles @. However, the
image of the upper half plane undeiis in the region

Imz e [0,7] and Rez <0.
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At w(ag) = 0 the boundaries of this region form an internal angler 2,
and thereforew cannot preserve anglesai

If T" is any other open gap ang is an endpoint of it, then a segment in
Im z = Im w(ap) appears ranging from Re= 0 to minus the maximum
of the Lyapunov exponent in the gap. Again, this forms an internal angle
of = /2 with Re z = 0, thereby making the argument applicable to the other
open gaps in the spectruml.

We now turn to the proof of Theorem 1. For am¢ K we define

v(a) —y(N)
a— A

m(a) = sup
A£a el

)

which is either a positive real number #0o. If a has a Kotani eigenstate
thenm(a) < oo according to Lemma 5 and, dfis at the endpoint of a gap
in the spectrum, them(a) = oo due to Lemma 6. We will show that there
is a residual of energies iR with m(a) = +oco. In particular, these cannot
only be endpoints of gaps (at most a countable set).

Let, for anyn € NU {0}

U(n) ={a € K;m(a) >n}.

This is an open set &k (due to the continuity of; on the intervall) which
is also dense, because it includes endpoints of gajs ifherefore

U(oo) = ﬂ U(n)={a € K;m(a) = o0},
n>0

is a residualzs subset inK” without Kotani eigenstate§]

References

[AS83] J. Avron and B. Simon. Almost periodic Sélinger operators
[l. The integrated density of state®uke Math. J.50:369-391,
1983.

[Bje05] K. Bjerklov. Positive Lyapunov exponent and minimality for
a class of one-dimensional quasi-periodic $climger equations.
Ergodic Theory Dynam. Systen26(4):1015-1045, 2005.

[Bou05] J. Bourgain. Green'’s function estimates for lattice Sodinger
operators and applicationyolume 158 ofAnnals of Mathematics
Studies Princeton University Press, Princeton, NJ, 2005.

[CS83] W. Craig and B. Simon. Subharmonicity of the Lyaponov index.
Duke Math. J.50(2):551-560, 1983.

[DCJ87] C.De Conciniand R. A. Johnson. The algebraic-geometric AKNS
potentials.Ergodic Theory Dynam. Systent§l):1-24, 1987.

6



[DS83]

[Her83]

[Joh82]

[JS94]

[Kin68]

[KS81]

[Rie03]

[Scho3]

[Sim83]

[SS91]

[Tho72]

P. Deift and B. Simon. Almost periodic Sédinger operators Ill.
The absolute continuous spectru@omm. Math. Phys90:389—
341, 1983.

M.R. Herman. Une @&thode pour minorer les exposants de
Lyapunov et quelques exemples montrant le caraciocal d’'un
théoeme d’Arnold et de Moser sur le tore de dimensiorCam-
ment. Math. Helveti¢i58(3), 1983.

R. Johnson. The recurrent Hill's equatiah.Diff. Eq, 46:165—
193, 1982.

S. Jitomirskaya and B. Simon. Operators with singular continu-
ous spectrum. Ill. Almost periodic Sastinger operatorsComm.
Math. Phys.165(1):201-205, 1994.

J. F. C. Kingman. The ergodic theory of subadditive stochastic
processesl]. Roy. Statist. Soc. Ser, 80:499-510, 1968.

H. Kunz and B. Souillard. Sur le spectre de€i@teurs aux
différences finies ahtoires.Comm. Math. Phys78(2):201-246,
1980/81.

N. Riedel. The spectrum of a class of almost periodic operators.
Int. J. Math. Math. Scj.(36):2277-2301, 2003.

J. L. Schiff Normal families Universitext. Springer-Verlag, New
York, 1993.

B. Simon. Kotani theory for one-dimensional stochastic Jacobi
matrices.Comm. Math. Phys89(2):227-234, 1983.

E. Sorets and T. Spencer. Positive Lyapunov exponents for
Schibdinger operators with quasi-periodic potentialsComm.
Math. Phys.142(3):543-566, 1991.

D.J. Thouless. A relation between the density of states and range
of localization for one-dimensional random systeth.Phys. C
5:77-81, 1972.



