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Abstract. We consider discrete-time dynamical systems generated by the it-

eration of asymptotically autonomous maps, whose asymptotic behavior may

be either conservative or dissipative. These systems are of particular inter-
est in the modeling of complex phenomena with time-dependent parameter

variation. With an appropriate time compactification, the past and future

infinity become normally hyperbolic invariant hyperplanes, and thus the plau-
sible asymptotic states of the system can be determined by considering the

appropriate fibers of the stable and unstable foliations or suitable sections of

the asymptotic manifolds to their compact invariant subsets. In this context,
we explore how tipping induced by a change of phase–namely, how a phase

shift affects the evolution of the system–is encoded in the unstable manifolds
of compact invariant subsets of the past equation. We further connect the tip-

ping phenomenon to the splitting of invariant manifolds and identify certain

system reversibilities able to prevent tipping. The theoretical framework we
use clarifies the relationships among the various notions of tipping induced by

phase-change introduced in the literature.

1. Introduction

Nonautonomous dynamical systems provide a natural framework for modeling
processes whose governing laws vary in time [22]. An important subclass is formed
by asymptotically autonomous systems [29], for which the time-dependent dynamics
converge, in the distant past and future, to autonomous limiting systems. These
systems are particularly relevant to the theory of critical transitions [6], where
the emphasis is placed on the behavior of local pullback attractors. Although
the asymptotic limit problems are autonomous, the transition between them may
generate dynamical phenomena that cannot be inferred from either limit system
separately. Consequently, their analysis may require genuinely nonautonomous
notions of attraction, repulsion, and bifurcation [5, 33, 34].

A powerful geometric approach to such problems under certain additional con-
ditions was systematically developed by [39], with the underlying compactification
idea already present in [1] and a related formulation appearing in [7]. For asymp-
totically autonomous differential equations, time is compactified and the original
nonautonomous problem is embedded into an autonomous dynamical system on
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2 J. DUEÑAS AND A. VIEIRO

an extended phase space. The past and future limit systems then appear as in-
variant boundary subsystems of the compactified problem. We will work under
assumptions ensuring that the compactification is sufficiently smooth and that the
invariant hyperplanes corresponding to the past and future limits are uniformly
hyperbolic. In this setting, asymptotic solutions of the original equation can be
suitably studied by means of invariant set and invariant manifold methods in the
extended autonomous system.

We use this procedure to study nonautonomous recurrences

xn+1 = g (Λ(n), xn) , xn ∈ Rd ,

where Λ: R → R is asymptotically constant, not necessarily monotone or one-
to-one, such that the right-hand side of the recurrence converges, as n → −∞
and n → +∞, to autonomous past and future limit maps g(λ−, x) and g(λ+, x),
where λ± = limn→±∞ Λ(n) ∈ R. To compactify the time variation, we first regard
the discrete index n as the sampling, at integer times, of a continuous variable
t ∈ R, whose evolution is given by the translation t 7→ t + 1. A diffeomorphism
Θ: R → (0, 1) is used to set τ = Θ(t), and define A(τ) = Θ

(
Θ−1(τ) + 1

)
and

Λ̃(τ) = Λ
(
Θ−1(τ)

)
for τ ∈ (0, 1). Both A and Λ̃ can be continuously extended to

[0, 1]. The original recurrence can therefore be written as

(τn+1, xn+1) = F (τn, xn) ,

where the triangular map F : [0, 1]× Rd → [0, 1]× Rd is given by

F (τ, x) =
(
A(τ), g(Λ̃(τ), x)

)
.

Thus, questions concerning solutions that are asymptotic to orbits of the limit maps
can be reformulated as questions concerning invariant manifolds of the map F .

Under the well-established conditions briefly summarized in Section 2, the time
compactified system F realizes the asymptotic dynamics of the original recurrence
on the normally hyperbolic invariant hyperplanes {τ = 0} and {τ = 1}. Conse-
quently, the dynamics of F can be related with the dynamics on these hyperplanes
via the stable and unstable foliation theorems for normally hyperbolic invariant
manifolds [13, 14, 18]. In particular, we discuss how these results characterize the
unique unstable invariant manifold associated with a compact invariant set of the
past limit map and, dually, the unique stable invariant manifold associated with
a compact invariant set of the future limit map. Under certain conditions, this
characterization applies to past compact invariant sets that are not the α-limit set
of any point outside the set, and to future compact invariant sets that are not the
ω-limit set of any exterior point. The approach thus identifies distinguished invari-
ant manifolds associated with asymptotic invariant objects of the past system, even
in situations when no local pullback attractors emanate from those objects. It may
therefore be viewed as a modest extension of the usual pullback-attractor view-
point to invariant objects with more general stability properties. Within the usual
pullback-attractor viewpoint, tipping could be identified with the loss of stability
of a local pullback attractor; in the present setting, we instead identify it with a
change in the ω-limit sets of trajectories on the relevant unstable manifold. Global
bounded solutions connecting prescribed past and future asymptotic dynamics can
then be described through intersections of the corresponding unstable and stable
manifolds in the extended phase space [38].
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Asymptotically autonomous systems may exhibit different types of tipping be-
havior [7]: rate-induced, phase-induced, bifurcation-induced, noise-induced... For
asymptotically autonomous maps, rate-induced tipping was studied in [21]. In this
work, we use the previous geometric viewpoint and focus specifically on how tipping
outcomes depend on phase. Phase tipping was introduced to describe situations in
which a time-dependent perturbation causes a transition only from a proper subset
of initial phases on an attracting oscillatory state of the past system [4]. A related
notion of phase-induced tipping has been considered, where a parameter translates
the function Λ and thus plays the role of a phase; varying this phase parameter may
lead to a transition in the ω-limit set of distinguished trajectories [10, 11, 26, 27].
In our setting, the geometric description in terms of the unstable manifold associ-
ated with the past invariant set and its interaction with the stable manifolds and
basin boundaries of the future dynamics helps to clarify the relationship between
these two notions of tipping due to changes in phase in the asymptotically au-
tonomous framework. The corresponding discussion is included in Section 3 where
we further exploit reversibility [23] to provide information about tipping or to pre-
clude it. Reversible dynamical systems possess a time-reversing symmetry that
relates forward and backward dynamics and, under suitable assumptions, ensures
the existence of heteroclinic connections between known past and future invariant
objects. Some continuous-time analogues of the biasymptotic constructions consid-
ered here were discussed in [35, 36] where, following the ideas in [8], the existence of
nonautonomous invariant KAM tori in the asymptotically autonomous Hamiltonian
setting was considered.

We complement the theoretical results with a collection of analytical and numer-
ical examples illustrating the notions introduced above and the invariant-manifold
mechanisms underlying them. The relevant invariant manifolds are computed and
represented using the parameterization method [16, 17]. In particular, a simple
example in Section 4.1 shows how the splitting of a separatrix can be interpreted as
a phase-induced tipping phenomenon: variations of the relevant phase modify the
intersection pattern of the associated invariant manifolds and thereby determine the
possible ω-limits of the trajectories. This interpretation is related to the broader
study of separatrix splitting under time-periodic perturbations [15, 30]. In our set-
ting, the invariant manifold splitting is reformulated in terms of phase-dependent
changes in the ω-limit set of distinguished trajectories. Further examples in Sec-
tion 4.2 distinguish the different notions of phase-dependent tipping considered in
the literature, showing that they correspond to related but not generally equivalent
mechanisms.

2. Framework and invariant manifolds

In this section, we present a framework to study some invariant structures for the
dynamical system induced by the iteration of a time-dependent map that is asymp-
totically autonomous whenever time-compactification is possible. More specifically,
starting from given compact invariant sets of the limiting systems, typically invari-
ant tori, we investigate the existence and properties of asymptotic, as time tends
to ∞ or −∞, invariant manifolds to them.

In the spirit of [6, 21], for r ≥ 1, we consider a λ-parametric family of recurrence
equations given by a Cr map g : I ×Rd → Rd, where I is a real interval. For each
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λ ∈ I, we consider an autonomous recurrence relation

xn+1 = g(λ, xn) , xn ∈ Rd , (2.1)

where we assume g(λ, ·) to be Cr invertible for every λ ∈ I. To introduce a variation
on the parameter λ as n varies, we replace λ with a Cr function Λ : R → I such
that there exist two parameter values λ−, λ+ ∈ I satisfying

lim
t→±∞

Λ(t) = λ± , lim
t→±∞

Λ′(t) = 0 .

Replacing the parameter λ with the map Λ in (2.1), we obtain the asymptotically
constant recurrence equation

xn+1 = g(Λ(n), xn) , xn ∈ Rd , (2.2)

whose asymptotic limits as n → ±∞, which we call the past and future equations
of (2.2), are given by

xn+1 = g(λ−, xn) and xn+1 = g(λ+, xn) . (2.3)

To describe the dynamics of (2.2), we introduce the triangular map

h : R× Rd → R× Rd , h(t, x) =
(
t+ 1, g(Λ(t), x)

)
, (2.4)

whose invertibility follows from that of g(λ, ·) for all λ ∈ I, and whose inverse can
then be shown to be of class Cr. In this formulation, the original nonautonomous
recurrence (2.2) is viewed as the iteration of the map h on the invariant set Z×Rd

of the extended phase space R× Rd:

(n, xn) = hn(0, x0) , n ∈ Z .

A key point in this paper is that the extended phase space R × Rd of the map h
contains, in addition to the invariant set Z×Rd, on which equation (2.2) is recovered
as explained, many other invariant sets of the form (Z+c)×Rd for c ∈ R, on which
recurrence equations of the form

xn+1 = g(Λ(n+ c), xn) , (2.5)

govern the evolution. The study of the changes in the dynamics of (2.5) as the pa-
rameter c varies is a problem known as phase-induced tipping, which has appeared
in the recent literature on critical transitions as a possible mechanism capable of
producing abrupt changes in the dynamics of certain systems under small pertur-
bations [11, 12, 27]. The study of the dynamical system generated by h allows the
simultaneous analysis of all the equations (2.5) arising from a phase shift in the
function Λ. The analysis for c ∈ R can in fact be reduced to the case c ∈ [0, 1),
since the equation obtained under the change c 7→ c + 1 is the same, up to a shift
in the indexing of n. In Section 3, we present some relations of this concept with
those of phase tipping [2, 3, 4].

Following [39], we study the dynamics of (2.2) through a compactification of the
first variable of the phase space R× Rd of the map h. As in later sections, we will
use the parameterization method (see, for example, [16]) to obtain accurate approx-
imations of the relevant invariant manifolds of compact subsets of such system, we
are then interested in providing a compactification that is at least of class Cr.
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To this end, given a diffeomorphism Θ: R → (0, 1), we define

Λ̂ : [0, 1] → R

τ 7→

 λ− , if τ = 0 ,
Λ ◦Θ−1(τ) , if τ ∈ (0, 1) ,
λ+ , if τ = 1 .

(2.6)

and also

A : [0, 1] → [0, 1]

τ 7→

 0 , if τ = 0 ,
Θ(Θ−1(τ) + 1) , if τ ∈ (0, 1) ,
1 , if τ = 1 .

(2.7)

Proposition 2.1. Let r ≥ 1, let Θ be a Cr diffeomorphism, and let

LΘ :=
1

Θ′(t)

d

dt
.

The following assertions hold:

(i) If for every 1 ≤ k ≤ r , the limits

a−k := lim
t→−∞

Lk
Θ Λ(t) , a+k := lim

t→+∞
Lk
Θ Λ(t)

exist and are finite, then Λ̂ is of class Cr. Moreover, whenever these con-
ditions hold, one has Λ̂(0) = λ−, Λ̂(1) = λ+ and

Λ̂(k)(0) = a−k , Λ̂(k)(1) = a+k for all 1 ≤ k ≤ r.

(ii) If for every 1 ≤ k ≤ r, the limits

b−k := lim
t→−∞

Lk
Θ

(
Θ(·+ 1)

)
(t) , b+k := lim

t→+∞
Lk
Θ

(
Θ(·+ 1)

)
(t)

exist and are finite, then A is of class Cr.

Proof. (i) For τ ∈ (0, 1), the chain rule gives

d

dτ

(
Λ ◦Θ−1(τ)

)
=

1

Θ′(Θ−1(τ))
Λ′(Θ−1(τ) = (LΘ Λ)(Θ−1(τ)) ,

and, by induction,

dk

dτk
(
Λ ◦Θ−1(τ)

)
= (Lk

Θ Λ)(Θ−1(τ)) for all 0 ≤ k ≤ r.

For each 0 ≤ k ≤ r, we define

Fk(τ) :=


a−k , τ = 0 ,

(Lk
Θ Λ)(Θ−1(τ)) , τ ∈ (0, 1) ,

a+k , τ = 1 .

By the assumed existence of the limits a±k , each Fk is continuous on [0, 1], and

F ′
k(τ) = Fk+1(τ) , for τ ∈ (0, 1), 0 ≤ k ≤ r − 1.

Continuity allows to conclude that F ′
k = Fk+1 on [0, 1] for every 0 ≤ k ≤ r − 1.

Iterating, it follows that F0 = Λ̂ is of class Cr, and that

Λ̂(k) = Fk for all 0 ≤ k ≤ r.
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In particular, Λ̂(0) = λ−, Λ̂(1) = λ+ and, for 1 ≤ k ≤ r, one has

Λ̂(k)(0) = Fk(0) = a−k , Λ̂(k)(1) = Fk(1) = a+k ,

as we wanted to see.

(ii) The proof is analogous to that of (i). □

The specific properties of the compactified system depend on the theoretical
framework here described and, hence, on the particular functions Θ and Λ consid-
ered. The function Θ is defined in the course of the analysis while, in contrast, the
function Λ is considered to be given by the physical problem under consideration.

The choice of Θ. Reference [39, Section 4] presents several types of C1-
compactifications, some exhibiting exponential decay while others show only inverse-
polynomial decay as τ → ±1. From now on, and throughout all the examples con-
sidered in this paper, we use the compactification defined via the diffeomorphism
Θ: R → (0, 1) given by

Θ(t) =
1

1 + e−α t
, Θ−1(τ) =

1

α
log

(
τ

1− τ

)
, (2.8)

for certain α > 0, so that the compatified system is expected to show exponential
convergence of solutions as τ → ±1. Then, for this choice of Θ, one has

A(τ) =
eα τ

1 + τ (eα − 1)
, (2.9)

which is in fact real-analytic. In particular,

A′(τ) =
eα(

1 + (eα − 1) τ
)2 , A′(0) =

1

A′(1)
= eα > 1 .

This choice is particularly useful because it satisfies the symmetry property

A(τ) +A−1(1− τ) = 1

for all τ ∈ [0, 1].

On the role of Λ. As said, the function Λ is regarded as given by the physical
problem in question. However, the fulfillment of the hypotheses of Proposition
2.1(i) depends on Λ and may restrict the possible values of α. Note that

Θα

(
Θ−1

α/k(τ)
)
=

τk

τk + (1− τ)k
for k ∈ N .

Since the composition Θα ◦ Θ−1
α/k is real-analytic, we deduce that if the compacti-

fication Λ̂α of a map Λ through Θα is Cr, then its compactification Λ̂α/k through

Θα/k is also Cr, and that if Λ̂α is real-analytic on [0, 1], then Λ̂α/k is real-analytic
on [0, 1]. The next proposition provides conditions on Λ that guarantee that the
compactification defined through Θ in (2.8) is real-analytic.

Proposition 2.2. Let α > 0 and consider Θ as in (2.8). Then, Λ̂ is real-analytic
on [0, 1] if and only if the following two conditions hold:

(i) Λ is real-analytic on R;
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(ii) there exist T− < 0 < T+ and real-analytic functions f− and f+ defined in
neighborhoods of 0 such that

Λ(t) = f−(e
αt) for t < T− , Λ(t) = f+(e

−αt) for t > T+ .

In that case,

λ− := f−(0) = lim
t→−∞

Λ(t) , λ+ := f+(0) = lim
t→+∞

Λ(t) .

Proof. Assume first that Λ̂ is real-analytic on [0, 1]. Since Θ is real-analytic from

R into (0, 1), we have Λ = Λ̂ ◦Θ, hence Λ is real-analytic on R.
Moreover, since Λ̂ is analytic at 0, one gets

Λ(t) = Λ̂(Θ(t)) = Λ̂

(
eα t

1 + eα t

)
,

so f−(z) := Λ̂( z
1+z

)
, which is analytic near 0. Similarly, f+(z) := Λ̂

(
1

1+z

)
is analytic

near 0. This proves (ii). The identities λ− = f−(0) and λ+ = f+(0) are immediate.
Conversely, assume (i) and (ii). Since Λ and Θ−1 are real-analytic on (0, 1), the

function Λ̂(τ) = Λ(Θ−1(τ)) is real-analytic on (0, 1).
Near τ = 0, using exp(αΘ−1(τ)) = τ/(1− τ), condition (ii) gives

Λ̂(τ) = f−

(
τ

1− τ

)
for τ > 0 small. The right-hand side is analytic at τ = 0, and its value at 0 is
f−(0) = λ−. Hence, Λ̂ is analytic at 0. The proof is analogous close to τ = 1. □

The compactified system. Once a proper choice of Θ is done, that is, assum-
ing that the hypotheses of Proposition 2.1 hold, we define the Cr map

G : [0, 1]× Rd → Rd, G(τ, x) = g(Λ̂(τ), x) , (2.10)

and translate (2.4) to a dynamical system on [0, 1]×Rd, generated by the iterations
of the map

F : [0, 1]× Rd → [0, 1]× Rd

(τ, x) 7→ (A(τ) , G(τ, x)) ,
(2.11)

where the planes {τ = 0} and {τ = 1} are invariant.
Recall that these hyperplanes encode the system’s past and future limit dynam-

ics. Under the previously considered assumptions on the compactification frame-
work, they are normally hyperbolic attracting/repelling hyperplanes. Because they
play a role in tipping phenomena (see Section 3), we are interested in invariant com-
pact subsets of the limit systems and in the foliations of their invariant stable and
unstable manifolds. To construct explicit examples with concrete tipping proper-
ties, we focus on invariant tori of the limit systems, since there are well-established
methods to compute them and their invariant manifolds.

Concretely, form < d and a frequency vector ω ∈ Rm, let Tω be the rigid rotation
on Tm of angle ω, that is Tω(θ) = θ+ω with ω ∈ Tm. For concreteness, we consider
an invariant torus of the past equation (2.3) that is, we consider an m-dimensional
embedded torus K ⊆ Rd bearing internal dynamics conjugated to Tω and invariant
with respect to x 7→ G(0, x) = g(λ−, x). The last invariance condition means that

K− := {0} × K
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is an invariant torus under G (that is, of the extended system). Equivalently, the
torus K is the image of an embedding

K : Tm → Rd ,

that is, K = K(Tm), that is a solution of the invariance equation

G(0, ·) ◦K = K ◦ Tω .
The geometric mechanism behind the next result, which is the foliation of the

unstable manifold, already appears in Fenichel’s rate-condition theory [14]. A par-
ticularly clear flow-based exposition in the continuous case can be found in [40,
Theorem 5.6.1], [32, Theorem 4.1] and [31, Theorem 4.3]. See [18] for a classical
approach to the discrete-time normally hyperbolic invariant manifold theory.

Theorem 2.3. Let ℓ ≥ 1, and let

F : [0, 1]× Rd → [0, 1]× Rd, F (τ, x) = (A(τ), G(τ, x)),

be a Cℓ+1 diffeomorphism. Set g0(x) := G(0, x). Assume that:

(H1) A(0) = 0 and A′(0) > 1.
(H2) K ⊂ Rd is a compact g0-invariant C

ℓ+1 embedded manifold.
(H3) There exists a neighbourhood V ⊂ Rd of K such that the α-limit set of every

point of V \ K is not contained in K.
(H4) There exist τ0 > 0 and a compact neighbourhood U ⊂ Rd of K such that

U0 = [0, τ0]× U verifies F−1(U0) ⊆ U0 and

sup
y∈U

∥Dg0(y)∥max

{
1,

(
sup
y∈U

∥DF−1(0, y)∥
) ℓ
}
< A′(0) .

Then, there exist δ ∈ (0, τ0] and a Cℓ unstable fiber map Wu : [0, δ)×K → Rd such
that

Ψ : [0, δ)×K → [0, δ)× Rd, Ψ(τ, x) :=
(
τ, Wu(τ, x)

)
,

is a Cℓ embedding. If we define K− := {0} × K and

Wu
loc(K−) :=

{(
τ,Wu(τ, x)

) ∣∣∣ τ ∈ (0, δ), x ∈ K
}
,

the following properties hold:

(i) For every x ∈ K, Wu(0, x) = x.
(ii) For every τ ∈ (0, δ) and every x ∈ K

F−1
(
τ,Wu(τ, x)

)
=
(
A−1(τ),Wu(A−1(τ), g−1

0 (x))
)
. (2.12)

(iii) Wu
loc(K−) =

{
z ∈ (0, δ)× Rd

∣∣ lim
n→∞

dist
(
F−n(z), {0} × K

)
= 0
}
.

(iv) For every τ ∈ (0, δ), the map K → [0, 1] × Rd, x 7→
(
τ,Wu(τ, x)

)
, is a Cℓ

diffeomorphism onto its image.

Moreover, Wu is unique among Cℓ maps satisfying the above dynamical charac-
terization.

In addition, if K is a torus and the dynamics in (K, g0) is conjugate to a rigid
rotation, then for any (τ, x) ∈ (0, δ) × K, Wu(τ, x) is the unique element y ∈ Rd

satisfying

lim
n→∞

dist
(
F−n

(
τ, y
)
,
(
0, g−n

0 (x)
))

= 0 . (2.13)

Proof. See Appendix A. □
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The previous result follows from well-established results on fiber bundles already
present in the literature, adapted to the particular compactified skew-product struc-
ture of our map. While we relegate the more technical details of the proof to Ap-
pendix A, the following list of remarks might help clarify the role of the assumptions
of the theorem and indicate how the general theory is adapted to the particular
setting considered here.

Remark 2.4. The general normal hyperbolicity theory establishes the existence
of unstable fibers associated with a normally hyperbolic invariant manifold and,
under additional bunching assumptions, gives regularity of the dependence of these
fibers on the base point. The reason is that, although the leaves of the foliation
are as smooth as the map itself, the dependence of these leaves on the point x ∈ K
is more delicate and is constrained by the ratio between the normal and tangential
exponents to the normally hyperbolic invariant manifold. In the general setting, one
must also impose conditions to guarantee the required regularity of the invariant
manifold itself. In our case, however, this latter issue does not arise: the invariant
manifold is explicitly given, independently of any further bunching condition. Thus,
the usual assumptions involving bounds such as powers of ∥Dg0(y)∥ that are needed
in the general theory to control the regularity of the invariant manifold are not
required here. Instead, the bunching condition in (H4) is used only to make the
graph transform for the unstable direction contractive in the Cℓ topology. This
yields a Cℓ dependence of the unstable fibers on the base point x ∈ K.

Finally, let us point out that the existence of the backward invariant neighbor-
hood in (H4) is an instrumental assumption. It is imposed only to have a space on
which the graph transform is defined. If this condition is not satisfied by the original
map, one may perform a smooth cutoff outside a sufficiently small neighborhood of
{0}×K, without changing the map near {0}×K. The modified map then satisfies
(H4), and the local unstable fibers obtained for it coincide, after possibly shrinking
the neighborhood, with those of the original map.

Remark 2.5. In the case where K is a uniformly stable attractor for the map g0,
the results already present in the literature [2, 21, 39] establish the existence of a
local pullback attractor for the full system, which in that case coincides with the
manifold Wu

loc(K−). The usefulness of the present approach lies in the fact that
hypotheses (H3) and (H4) are weaker, allowing for the existence of this manifold,
which is sectionwise homeomorphic to K, even in situations where no local pullback
attractor exists. Of particular relevance for our purposes is the case where K is a
torus belonging to a foliation of tori in an area-preserving conservative system (see
examples in Section 3.2.3).

Remark 2.6. An entirely analogous construction can be carried out at the opposite
end τ = 1, replacing g0 by the d-dimensional reduced map g1(x) := G(1, x) and
assuming that A(1) = 1 and that the τ -direction is normally contracting there,
i.e. A′(1) < 1. In that case one obtains a local stable manifold attached to a
g1-invariant torus K ⊂ Rd, contained in a strip (1− δ, 1)×Rd and characterized by
forward convergence to K+ := {1}×K. The translation of (H3) is then obtained by
replacing α-limits with ω-limits, namely one requires that the ω-limit set of every
point of N \ K have empty intersection with K. Likewise, (H4) is replaced by the
corresponding domination and bunching conditions.
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Remark 2.7. The property (2.13) states that (τ, y) and (0, x) are asymptotic pairs
as time decreases under the action of F ; that is, their orbits approach one another
at very negative times and have the same dynamics. Indeed, in order to obtain the
characterization (2.13) that is valid for a given x ∈ K and any τ ∈ [0, δ), one may
replace the condition that g0 is a rigid rotation on a torus by the condition that
there are no points in K, other than x, that are asymptotic pairs with x as time
decreases under the action of g0.

Remark 2.8. Assumption (H1) expresses the uniform hyperbolicity of the hy-
perplane {τ = 0}. This uniformity is essential for obtaining the constant δ > 0,
independent of x ∈ K, such that Wu(τ, x) is well defined for all (τ, x) ∈ [0, δ)×K.
Next, the invariance equation (2.12) implies that

Wu(τ, x) = G
(
A−1(τ),Wu(A−1(τ, g−1

0 (x)))
)

(2.14)

holds for all (τ, x) ∈ [0, δ)×K. We may therefore use (2.14) as a definition wherever
its right-hand side is previously defined. Proceeding in this way, we define

τu := sup
{
τ ∈ [0, 1] | Wu(τ̄ , x) is defined for all (τ̄ , x) ∈ [0, τ ]×K

}
.

as the supremum of the values of τ for which Wu(τ, x) is defined for every x ∈ K.
Then, for any δ such that 0 < δ < τu, we can define the globalized unstable manifold

Wu(K−) :=
{
Fn(τ0,W

u(τ0, x0)) | n ∈ N, (τ0, x0) ∈ (0, δ)×K
}
.

Note that, for any (τ, x) ∈ Wu(K−), there exists x0 ∈ K such that x =Wu(τ, x0).

3. Phase-Induced Tipping and Reversibility Constraints

This section discusses two approaches to phase-induced tipping in asymptotically
autonomous systems that have been proposed in the literature and examines how
reversibility can prevent this phenomenon.

3.1. Two approaches to phase-induced tipping. In this subsection, we present
two different approaches to tipping induced by phase-change that are found in the
literature, although often formulated there for ODEs, and explain them in a unified
manner through the unstable foliation Theorem 2.3 introduced in the previous
section. However, it is worth noting that some results in the literature on this
type of tipping are developed in a more general framework than the one considered
in this article, where the dynamical system cannot be necessarily expressed as
asymptotically autonomous [12, 19, 27, 28]

In any case, the points of the unstable manifold Wu(K−) (recall Remark 2.8) are
understood to represent the evolution of certain states that originate from K− in
the past. In this way, the two approaches presented below concern the identification
of different possible ω-limit sets for distinct points of the form(

τ, Wu(τ, x)
)

for (τ, x) ∈ Wu(K−). That is, one has to study the possible limits, as n → ∞, of
sequences (orbits) of the type (

Fn(τ,Wu(τ, x))
)
n
.

First, let us make precise which recurrence equation solves the second component
of the previous sequence, which takes values in Rd, as this information will prove
useful in explaining the two different approaches to phase-induced tipping below.
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Equation (2.12) implies that Fn(τ,Wu(τ, x)) = (An(τ),Wu(An(τ), gn0 (x)), and
then

Fn+1(τ,Wu(τ, x)) = F
(
Fn
(
τ,Wu(τ, x)

))
=
(
An+1(τ), G

(
An(τ),Wu

(
An(τ), gn0 (x)

)))
,

Since τ ∈ (0, 1), it follows from equations (2.6) and (2.7) that

Λ̂(An(τ)) = Λ
(
Θ−1(An(τ))

)
= Λ(n+Θ−1(τ)) ,

and thus (2.10) yields

Fn+1(τ,Wu(τ, x)) =
(
An+1(τ), g

(
Λ(n+Θ−1(τ)),Wu(An(τ), gn0 (x))

))
.

Therefore, using (2.12) on the left-hand side we get

Wu(An+1(τ), gn+1
0 (x)) = g

(
Λ(n+Θ−1(τ)),Wu(An(τ), gn0 (x))

)
,

that is, the sequence
(
Wu(An(τ), gn0 (x))

)
n
is a solution of the recurrence

xn+1 = g(Λ(n+ c), xn) , n ∈ Z , (3.1)

with c = Θ−1(τ). Consequently, for any τ1, τ2 ∈ (0, 1) for which there exists m ∈ Z
such that τ1 = Am(τ2), we conclude that the second component of

(Fn(τ1,W
u(τ1, x)))n and (Fn(τ2,W

u(τ2, x)))n (3.2)

satisfy the same recurrence equation, with the index shifted by m. Otherwise, the
second components of (3.2) do not satisfy the same recurrence equation (3.1) for
any fixed constant value of c ∈ R, since subsequent iterates cannot be related by an
integer shift of the index. To consider all the possible recurrence equations arising
in (3.2), it suffices to study initial values of τ varying in a fundamental domain
[τ̄ , A(τ̄)) for certain τ̄ ∈ (0, δ) such that A(τ̄) ∈ (0, δ).

In the following, we assume that the characterization (2.13) holds, that is, that
the points of the form (τ,Wu(τ, x)) on the manifold Wu(K−) are the only points
within [0, 1]×Rd that are asymptotic pairs with (0, x) as time decreases under the
action of F (recall Remark 2.7). Then, taking into account the previous information,
we summarize the approaches to tipping due to phase change in the following two:

First approach. For some fixed τ̄ ∈ (0, τu) such that A(τ̄) ∈ (0, τu), we study
the ω-limit sets of

(
τ, Wu(τ, x)

)
for all x ∈ K, either by taking τ = τ̄ fixed or by

allowing τ to vary over a fundamental domain [τ̄ , A(τ̄)). Then, all the orbits under
consideration are sequences of the form(

Fn(τ,Wu(τ, x))
)
n

for x varying in K and either τ = τ̄ or τ ∈ [τ̄ , A(τ̄)) depending on the recurrence
equations under consideration. Tipping occurs when there are multiple distinct
ω-limit sets (that is, more than one possible long-term state) for the system.

This approach can be interpreted as follows: orbits asymptotically approaching
certain regions of the past invariant set K− converge to ω-limit sets different from
those reached by orbits originating in other regions. This corresponds to the phase-
tipping viewpoint of [2] and [4], where tipping depends on the initial state on the
past attractor.
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Second approach. For some fixed x̄ ∈ K, we study the ω-limit sets of(
τ, Wu(τ, x̄)

)
either by taking τ ∈ {An(τ̄) | n ∈ Z} ∩ (0, τu) or τ ∈ (0, τu).

Again, the first option amounts to restricting ourselves to solutions of the same
recurrence equation (3.1), up to an integer shift of the index, whereas the second
option amounts to considering solutions of (3.1) for all possible real values of c, as
explained above.

Within this approach, studying tipping amounts to fixing an element x of the
past invariant compact set K− and analyzing all possible ω-limits of points lying
on the fiber of its unstable foliation. This approach arises naturally when the phase
is allowed to vary as an additional parameter in the model under consideration,
entering additively over time into certain terms of the equation. This approach is
close in spirit to that of [11, 12].

Naturally, the suitability of one approach or the other will depend on the nature
of the problem under study. The next proposition establishes a strong link between
these two approaches, showing that the sets under study in both approaches are
dense in one another.

Proposition 3.1. Assume that (K, g0) is minimal. Let x̄ ∈ K be fixed. Then, for
any τ̄ ∈ (0, τu),

Fτ̄ ,x̄ :=
{
Fn(τ,Wu(τ, x̄))

∣∣ n ∈ N , An(τ) = τ̄ , τ ∈ (0,min{δ, τ̄})
}

(3.3)

is dense in
Wu

τ̄ :=
{
(τ̄ ,Wu(τ̄ , x)) | x ∈ K

}
.

Consequently,{
Fn(τ,Wu(τ, x̄))

∣∣ n ∈ N , An(τ) ∈ [τ̄ , A(τ̄)) , τ ∈ (0,min{δ, τ̄})
}

is dense in {
(τ,Wu(τ, x)) | τ ∈ [τ̄ , A(τ̄)) , x ∈ K

}
.

Proof. The invariance property (2.12) can be rewritten as

Fn
(
τ,Wu(τ, x)

)
=
(
An(τ), Wu(An(τ), gn0 (x))

)
,

and therefore
Fτ̄ ,x̄ =

{(
τ̄ ,Wu(τ̄ , gn0 (x̄))

)
| n ∈ N

}
.

Since (K, g0) is minimal, every forward orbit is dense in K. This fact and the
continuity of W (τ, x) proves the first claim. The second one follows from the first
one, since

⋃
τ∈[τ̄ ,A(τ̄)) Fτ,x̄ is dense in

⋃
τ∈[τ̄ ,A(τ̄)) Wu

τ . □

The preceding proposition shows that, within the asymptotically autonomous
setting considered here, the second approach provides a subset of the information
offered by the first. It is worth emphasizing, however, that if the asymptotic dy-
namics were fully nonautonomous, it would not even be clear how to define the
first approach, whereas the second approach would still admit a natural definition
and remains applicable. Consequently, these two approaches are complementary
tools, with the relative usefulness determined by the structure of the asymptotic
dynamics.

In Section 4.2, we present an example in which the intersection between the
unstable manifold of the object selected in the past and the stable manifold of
the object selected in the future consists of a single orbit. Equivalently, when
restricted to a single fundamental domain, this intersection reduces to a single
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point. Depending on the fibre chosen in the second approach, this point may not
belong to the dense set Fτ̄ ,x̄. Consequently, the second approach would not detect
any change in the behaviour of the ω-limit sets under consideration, whereas first
approach would detect such a change. This example highlights the importance of
selecting an appropriate approach to tipping induced by change of phase depending
on the specific problem under investigation.

3.2. Reversibility and time-dependent modulation. In this section, under
the assumption that past and future systems are the same, we present reversibility-
based arguments that preclude the existence of distinct ω-limit sets within {τ = 1}
for points on the unstable manifold Wu(K−), or at least ensure that some points
on that manifold converge towards a known ω-limit set.

To carry out this study, Section 3.2.1 focuses on a specific type of nonautonomous
variation of the map (2.11), namely a time-dependent modulation of a Cr reversible

map f : Rd → Rd. More precisely, given a function Λ̂ : [0, 1] → R satisfying

Λ̂(0) = Λ̂(1) = 1, we study the dynamics induced by a map of the form

F : [0, 1]× Rd → [0, 1]× Rd

(τ, x) 7→ (A(τ), Λ̂(τ)f(x)) .
(3.4)

This class of maps provides a natural framework for modeling nonautonomous dis-
crete dynamics in which the intrinsic evolution of the system is described by the
map f , while the factor Λ̂(τ) represents a time-dependent expansion or contraction.
Such a modulation may arise from external gain or loss, parametric forcing, envi-
ronmental variability, seasonal effects, or control mechanisms acting on the system
over time. In this kind of systems, we address the question of whether the re-
versibility property of the map f can be extended to a spatio-temporal reversibility
property of the map F , and what implications this reversibility has for the ω-limit
sets of points in Wu(K−). On the contrary, in Section 3.2.2 we do not assume such
a specific type of compactified system. Instead, we discuss how imposing restrictive
reversibility properties on G(τ, x) implies the existence of heteroclinic connections
between the past and the future systems, and whether we can obtain a smooth
cylinder formed by connections in the discrete setting. Finally, in Section 3.2.3 we
illustrate the properties derived from the reversibilities in both settings.

3.2.1. Reversible limit map f . Consider a compactified system of the form (3.4).
We recall that f is said to be reversible if f is invertible and there exists a map
S : Rd → Rd, called a reversing symmetry or reversor of f , satisfying S2 = Id, that
is, S is an involution–and f = S◦f−1◦S. Note that f−1◦S is also a reversor of f , so
every reversible map can be writen as the composition of two reversions. Moreover,
every C1 reversible planar map can be conjugated through a C1 difeomorphism to
a map which has a linear reversor [9].

Proposition 3.2. Assume that

(i) f is reversible and admits a linear reversor L such that f = L ◦ S,
(ii) A(τ) +A−1(1− τ) = 1 for all τ ∈ [0, 1],

(iii) Λ̂(τ) Λ̂(1−A(τ)) = 1 for all τ ∈ [0, 1].

Then, F admits a reversor R(τ, x) = (1− τ, S(x)).
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Proof. First, note that

F−1(τ, x) =

(
A−1(τ), f−1

(
x

Λ̂(A−1(τ))

))
.

Then, direct computation shows that

R ◦ F−1 ◦R (τ, x) =

(
1−A−1(1− τ), S ◦ f−1

(
S(x)

Λ̂(A−1(1− τ))

))
.

So, since (ii) shows that A(τ) = 1−A−1(1− τ), it suffices to check that

Λ̂(τ)f(x) = S ◦ f−1

(
S(x)

Λ̂(A−1(1− τ))

)
.

Since S ◦ f−1 = L is linear,

S ◦ f−1

(
S(x)

Λ̂(A−1(1− τ))

)
=

1

Λ̂(A−1(1− τ))
S ◦ f−1 ◦ S(x) = f(x)

Λ̂(A−1(1− τ))
,

and assumptions (ii) and (iii) ensure that f(x)/Λ̂(A−1(1− τ)) = Λ̂(τ)f(x). □

Remark 3.3. 1. The condition (ii) holds whenever the diffeomorphism Θ satisfies
the symmetry 1 = Θ(t) + Θ(−t) for all t ∈ R, that is, the map t 7→ 1/2 − Θ(t) is
odd. This is, in particular, the case of (2.8).

2. We briefly discuss here a simple way to find functions Λ̂ satisfying (iii), once
(ii) is assumed. First, note that (ii) ensures that B(τ) = 1− A(τ) is an involution
since

B2(τ) = 1−A(1−A(τ)) = 1−A(A−1(1− τ)) = τ ,

and satisfiesB(0) = 1 andB(1) = 0 because of (2.7). Now, choose an antisymmetric
function Q(τ1, τ2), that is, a function such that Q(τ1, τ2) = −Q(τ2, τ1), and define

Λ̂(τ) = expQ(τ,B(τ)) . (3.5)

Then, the involutive character of B and the antisymmetric character of Q yield

Λ̂(τ)Λ̂(1−A(τ)) = Λ̂(τ)Λ̂(B(τ)) = exp
(
Q(τ,B(τ)) +Q(B(τ), B2(τ))

)
= 1 .

We also have to assume that Q(0, 1) = 0 to guarantee that Λ̂(0) = Λ̂(1) = 1.

Note that hypothesis (i) of Proposition 3.2 is present in some frequently used
models, for example:

(1) the generalized standard maps

f(x, y) = (x+ y + F (x), y + F (x)) ,

where F : Rd → Rd, can be written as f = L ◦ S with L(x, y) = (y − x, y)
and S(x, y) = (−x, y + F (x)), where S is a reversor if F is odd.

(2) area-preserving generalized Hénon maps,

f(x, y) = (y, −x+ F (y)) .

In this case, one can take L(x, y) = (y, x) , and write f = L ◦ S, where
S(x, y) = (−x+ F (y), y).



ASYMPTOTICALLY AUTONOMOUS MAPS 15

The same conclusion holds for any map which is linearly topologically conjugate to
one of the maps in (1) or (2).

The following result explains the relevance of the reversibility constructed in
Proposition 3.2 through the existence of heteroclinic orbits, which will generically
be part of one-dimensional families of heteroclinic orbits connecting each invariant
torus of the past system with the same invariant torus of the future system. We
note that condition Λ̂(0) = Λ̂(1) = 1 guarantees F (0, x) = F (1, x) for all x ∈ Rd,
and hence the invariant objects of the past and future systems can be identified
without ambiguity.

Corollary 3.4. Assume that the hypotheses of Proposition 3.2 hold. Then,

(i) Given any subset C ⊆ {1/2} × fix(S), the F -invariant set⋃
n∈Z

Fn(C)

is invariant under the reversor R given in Proposition 3.2.
(ii) For any (τ, x) ∈ {1/2}×fix(S), the α-limit set and ω-limit set of (τ, x) for

F are of the form {0}×B and R({0}×B) = {1}×S(B) for some f -invariant
compact set B ⊂ Rd, respectively. If, in addition, B is minimal under f
and B ∩ fix(S) ̸= ∅, B = S(B), so the ω-limit set of (τ, x) is {1} × B.

Proof. (i) First, note that C = {1/2} × D for some D ⊆ fix(S). Therefore,

R(C) = {1/2} × S(D) = {1/2} × D = C ,
that is, C is invariant under R. Then,

R(Fn(C)) = F−n(R(C)) = F−n(C) ,
from where we conclude that

R

(⋃
n∈Z

Fn(C)

)
=
⋃
n∈Z

R
(
Fn(C)

)
=
⋃
n∈Z

F−n(C) =
⋃
n∈Z

Fn(C) ,

so the set ∪n∈ZF
n(C) is invariant under R, as we wanted to see.

(ii) The first assertion follows easily from R ◦ Fn(1/2, x) = F−n ◦ R(1/2, x) =
F−n(1/2, x). Assume now that B is minimal under f and that B ∩ fix(S) ̸= ∅ and
note first that f(S(B)) = S(f−1(B)) = S(B), so S(B) is invariant under f and it
is closed since S is an involution. Take y ∈ B ∩ fix(S) and note that y ∈ B ∩ S(B).
Since B is minimal, it is compact and the orbit of y is dense in B. Thus, B ⊆ S(B),
and since S is an involution, it follows that B = S(B), as we wanted to see. □

Remark 3.5. Let K ⊂ Rd be an m-dimensional embedded invariant torus for
f with internal dynamics conjugated to an irrational rotation and such that K ∩
fix(S) ̸= 0. Consider the manifold Wu(K−), assume 1/2 < τu (recall Remark 2.8),
define

Σ1/2 :=
{
Wu(1/2, x) | x ∈ K

}
⊂ Rd

and assume that Σ1/2 ∩ fix(S) ̸= ∅.
Note that Theorem 2.3(iii) ensures that, for any x ∈ Σ1/2, the α-limit set of

(1/2, x) is contained in K−. Hence, by the minimality of K under f , this α-limit
set must in fact coincide with K−. Therefore, for each x ∈ Σ1/2 ∩ fix(S), Corollary
3.4(ii) ensures that the ω-limit set of (1/2, x) is K+ := {1} × K.
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That is, each point in Σ1/2 ∩ fix(S) provides an heteroclinic connection between
the tori K− = {0} × K and K+ = {1} × K. Assume that fix(S) is an embedded
submanifold of Rd of dimension k. One has dimΣ1/2 = dimK = m. Then, if fix(S)

intersects Σ1/2 transversely in Rd, their intersection is a submanifold of dimension

dim
(
Σ1/2∩fix(S)

)
= m+k−d. Each point of this manifold belongs, by the previous

argument, to Wu(K−) ∩ Ws(K+). If, in addition, the intersection between these
two invariant manifolds is transverse at every point of Σ1/2 ∩fix(S), then this gives
rise to a continuum of heteroclinic trajectories between K− and K+ which, after
including the τ -direction, has dimension m+ k − d+ 1 on [0, 1]× Rd.

3.2.2. Reversibilities on the compactified system leading to a continuum of hetero-
clinic orbits. We finally state a much stronger condition on the general map (2.11),
rather than on the particular setting considered in the previous subsection, guar-
anteeing that every orbit of Wu(K−) ∩ {τ = 1/2} is an heteroclinic connection
between {0} × K and {1} × K. In [36], a related continuous time condition is
given for asymptotically autonomous hamiltonian flows, hence providing such kind
of connections, that in the continuous setting give rise to a KAM-type invariant
cylinder. In the present discrete formulation, however, this cylinder-like structure
may no longer persist as a consequence of the splitting of the invariant manifolds,
as we will illustrate in the second example of Section 3.2.3.

Proposition 3.6. Assume that

(i) x 7→ G(τ, x) is invertible for all τ ∈ [0, 1],
(ii) A(τ) +A−1(1− τ) = 1 for all τ ∈ [0, 1],
(iii) there exists a closed F -invariant set C ⊆ [0, 1]×Rd such that C ∩

(
{1/2} ×

Rd
)
̸= ∅ and x = G(1−A(τ), G(τ, x)) for all (τ, x) ∈ C.

Then, R(τ, x) = (1−τ, x) is a reversor for F |C, and for any given point (1/2, x) ∈ C
its α-limit and ω-limit sets (if they exist as bounded sets) are subsets of C of the
form {0} × Bx and {1} × Bx for some set Bx ⊆ Rd.

Proof. Let G−1 : [0, 1]× Rd → Rd be such that G−1(τ,G(τ, x)) = Id. Note that

R◦F−1(τ, x) = (1−A−1(τ), G−1(A−1(τ), x)) = (A(1−τ), G(1−τ, x)) = F ◦R(τ, x) ,

for all (τ, x) ∈ C, where 1−A−1(τ) = A−1(τ) follows from (ii) andG−1(A−1(τ), x) =
G(1− τ, x) follows from (iii). The assertion about the α-limit and ω-limit sets can
be deduced from arguments analogous to those in the proof of Corollary 3.4. □

3.2.3. Examples exhibiting reversibilities. We illustrate the results of this section
through the Hénon map [24, 37]. To this end, we consider the maps

Ta

(
x
y

)
=

(
x

y − ax2

)
, Rβ

(
x
y

)
=

(
cos 2πβ − sin 2πβ
sin 2πβ cos 2πβ

)(
x
y

)
,

and the Hénon map Hβ = Rβ ◦ T1. We refer to a as the shear parameter and to
β as the rotation parameter. A straightforward calculation yields ∥DHβ(x, y)∥2 =√
1 + x2 + |x|, which will be used to verify the gap condition in hypothesis (H4) of

Theorem 2.3.

First example. We consider the map

F (τ, x, y) =
(
A(τ), Λ̂(τ)Hβ(x, y)

)
, (3.6)
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for a fixed value β = 0.212 of the rotation parameter, where the map A is given by
(2.9) and we define Λ̂ through a simple antisymmetric function Q(τ1, τ2) = 20(τ1 −
τ2) τ

2
1 τ

2
2 as in (3.5). Remark 3.3.2 guarantees that condition (iii) of Proposition 3.2

hold. The map Hβ is reversible with Hβ = Lβ ◦ S and

Lβ

(
x
y

)
=

(
cos(2πβ) sin(2πβ)
sin(2πβ) − cos(2πβ)

)(
x
y

)
, S

(
x
y

)
=

(
x

x2 − y

)
.

Let (r, φ) denote polar coordinates around the origin, which is an elliptic fixed point
of Hβ . Since the last is (locally) a twist map, the invariant curves surrounding the
origin are graphs over the angular variable φ and, by fixing a rotation number,
one identifies an invariant curve Γ in the phase plane of Hβ (locally around the
origin). Then, we can numerically approximate the curve Γ by applying Newton’s
method to the invariance equation, thereby obtaining a Fourier representation of
the invariant curve in terms of the angular variable φ, see [20] (this is referred
to as the large-matrix method in [16]). Note that by considering Hk

β , for k ≥ 2,

we can obtain a k-periodic invariant curve Γ of Hβ . Since Λ̂′(0) = 0, after some
calculations it follows that

DF (F−1(0, x, y)) =

 eα 0 0
0 cos(2πβ) + 2 sin(2πβ)ξ − sin(2πβ)
0 sin(2πβ)− 2 cos(2πβ)ξ cos(2πβ)

 ,

where ξ = x cos(2πβ) + y sin(2πβ). It can be checked that ∥DF−1(0, x, y)∥2 =

max{e−α,
√

1 + ξ2 + |ξ|}. If one considers α = 1.8, as in the examples below,
condition (H4) of Theorem 2.3 with ℓ = 1 can be guarantee to hold for all K ⊆
{(x, y) | x2+ y2 ≤ 1}. Although the above estimate provides a conservative bound,
the corresponding quantity can be evaluated much more accurately by numerical
means.

Note that, if Γ is minimal, Corollary 3.4(ii) guarantees that S(Γ) = Γ. Therefore,
defining Γ− := {0}×Γ and Γ+ := {1}×Γ, we obtain Γ+ = R(Γ−), where R(τ, x) =
(1 − τ, S(x)). In addition, Corollary 3.4(ii) ensures the existence of heteroclinic
connections between Γ− and Γ+ corresponding to the points (τ, x) ∈ {1/2}×fix(S)
which belong to Wu(Γ−), where fix(S) = {(x, y) | y = x2/2}. The points of
intersection between Wu(Γ−), Ws(Γ+) and {τ = 1/2} correspond exactly to all
points in [0, 1] × Rd whose first component is 1/2 and that belong to heteroclinic
connections between Γ− and Γ+, since these are precisely the trajectories satisfying
the limit condition in Theorem 2.3(iii) and its symmetric counterpart{

z ∈ (0, δ)× Rd
∣∣ lim

n→∞
dist

(
Fn(z), Γ+

)
= 0
}
.

The central panel of Figure 1 depicts the intersections of Wu(Γ−) and Ws(Γ+)
with the plane {τ = 1/2}, together with the curve {1/2}×fix(S), for three different
choices of Γ: an invariant circle of rotation number ω = 0.195, an invariant circle
of rotation number ω = 0.205 and a set of 5-periodic invariant circles contained
between the two previous curves. The side panels depict the manifolds Wu(K−)
and Ws(K+) for two of the choices of Γ. Finally, Corollary 3.4(ii) implies that every
point of Wu(Γ−) lying in {1/2} × fix(S) also belongs to Ws(Γ+). Equivalently,

Wu(Γ−) ∩
(
{1/2} × fix(S)

)
⊆ Wu(Γ−) ∩ Ws(Γ+) ∩

(
{1/2} × Rd

)
,

This inclusion need not be an equality. Indeed, the central panel of Figure 1 shows
that it is strict in the present case.
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Figure 1. Stable (red) and unstable (blue) invariant manifolds associated with
invariant curves of the time-dependently modulated Hénon map (3.6). The left
panel shows Wu({0} × Γ0.195) issued from the invariant circle with rotation
number ω = 0.195, and depicted on [0, 1/2], together with its stable counter-
part Ws({1} × Γ0.195) on [1/2, 1]. The right panel shows Wu({0} × Γ0.065) and
Ws({1}×Γ0.065) associated with an invariant curve Γ0.065 for H5

β rotating about
a period-five elliptic point with rotation number ω = 0.065. The middle panel
shows the intersection with {τ = 1/2} of the invariant manifolds displayed in
the side panels together with the intersection of the invariant manifolds of an
invariant circle rotating about the origin with rotation number ω = 0.205 and
the reference parabola fix(S) = {(x, y) | y = x2/2}.

Second example. We consider the map

F (τ, x, y) =
(
A(τ), T−q(1−A(τ)) ◦Rβ(q(τ)−q(1−A(τ)) ◦ Tq(τ)(x, y)

)
, (3.7)

where A is of the form (2.9), β = 0.212, and q(τ) = 2τ3 − 3τ2 + 1 is a cubic
polynomial such that q(0) = 1, q(1) = 0 and q′(0) = q′(1) = 0. First, note that
T−1
a = T−a, R

−1
β = R−β and T0 = Id. Then,

F (0, x, y) =
(
0, T0 ◦Rβ ◦ T1(x, y)

)
=
(
0, Rβ ◦ T1(x, y)

)
=
(
0, Hβ(x, y)

)
,

and analogously F (1, x, y) = (1, H−1
β (x, y)). We now check that this model satisfies

the hypotheses of Proposition 3.6 with C = [0, 1]×Rd. Since it is easy to check that
F is invertible, it only rests to check that (iii) holds. We denote B(τ) = 1 − A(τ)
so G(τ, x, y) = T−q(B(τ)) ◦ Rβ(q(τ)−q(B(τ))) ◦ Tq(τ)(x, y) recall that B2 = Id, and

therefore rewrite the map G
(
B(τ), G(τ, ·)

)
as

T−q(τ) ◦Rβ(q(B(τ))−q(τ)) ◦ Tq(B(τ)) ◦ T−q(B(τ)) ◦Rβ(q(τ)−q(B(τ))) ◦ Tq(τ) .

The relations T−1
a = T−a and R−1

β = R−β ensure that G
(
B(τ), G(τ, ·)

)
= Id, as we

wanted to see.
As in the previous example, since Λ̂′(0) = 0, after some calculations it can be

checked that ∥DF−1(0, x, y)∥2 = max{e−α,
√
1 + (x cosα+ y sinα)2 + |x cosα +

y sinα|}. Moreover, we take α = 1.8 in the map A given by (2.9), and the condition
(H4) of Theorem 2.3 holds for the selected curves with ℓ = 1.

The central panel of Figure 2 depicts the intersections of Wu(Γ−) and Ws(Γ+)
with the plane {τ = 1/2}, together with the curve {1/2}×fix(S), for the same three
choices of invariant curves Γ considered in Figure 1. The intersections Wu(Γ−) ∩
{τ = 1/2} and Ws(Γ−)∩{τ = 1/2} are indistinguishable in the figure, because they
coincide in the considered section, in accordance with Proposition 3.6. Conversely,
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Figure 2. Stable and unstable invariant manifolds associated with invariant
curves of the Hénon-related time-dependent map (3.7). The selected curves of
the past system for the representations are the same chosen in Figure 1. In
the side panels, the unstable manifolds are depicted over the τ -interval [0, 0.5]
whereas the stable manifolds are depicted over [0.5, 1]. The middle panel shows
the perfect coincidence of the unstable and stable manifolds at τ = 1/2 of the
desired objects.

Figure 3. Stable and unstable invariant manifolds associated with invariant
curves of the Hénon-related time-dependent map (3.7). The selected curves of
the past system for the representations are the same chosen in Figure 1. In
the side panels, the unstable manifolds are depicted over the τ -interval [0, 0.6]
whereas the stable manifolds are depicted over [0.6, 1]. The middle panel shows
the intersection of the unstable and stable manifolds at τ = 0.6 of the involved
objects.

as illustrated in Figure 3, the manifolds Wu(Γ−) and Ws(Γ+) do not coincide on
planes whose τ -coordinate is not of the form An(1/2) for some n ∈ Z.

4. An example of Phase-Induced Tipping caused by Splitting

In this section, we consider a perturbative setting and, using a simple example,
we discuss the role of the splitting of the invariant manifolds Wu(K−) and Ws(K+)
in the context of tipping induced by changes of the phase. In the unperturbed
system, these manifolds coincide along a heteroclinic connection joining K− and
K+. We consider a two-parameter family of perturbations depending on (ε, δ)
and study the splitting between the perturbed invariant manifolds. Such analysis
clarifies the role of this splitting in the onset of tipping phenomena within the
framework of regular perturbation theory.
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Let 0 < I0 < I1, and consider the following two-parameter map

Fε,δ : [0, 1]× T1 × R → [0, 1]× T1 × R ,

already written in the compactified framework (2.11) introduced in the previous
section and given by

Fε,δ(τ, φ, I) =
(
A(τ) , φ+ω , (1+ε g1(τ)) I+δ g2(τ)ψ(φ)(I−I0)+g3(τ)f(I)

)
, (4.1)

where ω ∈ R \ Q, f : R → R satisfies f(I1) = 0, ψ : T1 → T1, gi : [0, 1] → R for
i ∈ {1, 2, 3} satisfy g2 ≥ 0 and

g1(0) = g1(1) = g′1(0) = g′1(1) = g2(0) = g2(1) = g3(0) = 0 . (4.2)

In order to apply Theorem 2.3, we assume that all the involved functions are suffi-
ciently regular to ensure that Fε,δ is a Cℓ+1 diffeomorphism. It is not hard to check
that g0(φ, I) = (φ+ ω, I) satisfies ∥Dg0(φ, I)∥2 = 1 and that

DFε,δ(F
−1
ε,δ (0, φ, I)) =

 eα 0 0
0 1 0
ξ 0 1

 ,

where ξ = δ g′2(0)ψ(φ−ω)(I−I0)+g′3(0)f(I). Let the map A be given by (2.9) with
α = 1. Then, it can be shown that ∥DFε,δ(F

−1
ε,δ (0, φ, I))∥2 ≤ 2 whenever |ξ| ≤ 3/2,

which will be the situation in the examples below. Thus, the gap condition (H4) of
Theorem 2.3 holds.

Note that, given K := {(φ, I1) | φ ∈ T1}, the tori K− := {0} × K and K+ :=
{1} × K are invariant under Fε,δ. We assume that K− satisfies the hypotheses of
Theorem 2.3 and the hypotheses of an analogous time-reversed theorem, so that
there exist the invariant manifolds Wu(K−) and Ws(K+).

Variation in the parameter ε is responsible (after a proper choice of g1) for the
transverse oscillation associated with the splitting of the heteroclinic orbit. The pa-
rameter δ, in turn, introduces a dissipative effect towards I0 (in the ε-unperturbed
case) that decays asymptotically as τ approaches 0 or 1, since g2(0) = g2(1) = 0,
thereby causing the stable and untable manifolds to separate as δ increases. The
function ψ allows for an angular modulation of the dissipation and will allow us
to produce some interesting examples. Finally, the nonlinear term f(I) allows sev-
eral different dynamical regimes to be treated within a unified framework: asymp-
totically conservative behaviour in both the past and the future, asymptotically
conservative behaviour in the past but asymptotically dissipative behaviour in the
future, and so forth. Notice that variations in ε and δ do not affect the dynamics
on the past and future planes {τ = 0} and {τ = 1}.

For the unperturbed system with ε = 0 and δ = 0, the manifold

[0, 1]× T1 × {I1} (4.3)

is invariant under F0,0 and is composed of heteroclinic connections joining the past
invariant torus K− to the future invariant torus K+. This is the two-dimensional
heteroclinic manifold Wu(K−) = Ws(K+) whose splitting we shall study as a func-
tion of the parameters ε and δ.

The Melnikov function generally provides a systematic way for analyzing the
first-order splitting that leads to to phase-change induced tipping. However, the
examples provided in the next section involve perturbations simple enough that the
splitting function can be computed easily, either numerically or analytically.
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Figure 4. Level curves of the splitting function Wu
K−(τ) − W s

K+
(τ) on the

strip τ ∈ [τ0, A(τ0)] with τ0 = 1/2, shown as a function of ε (horizontal axis)
and τ (vertical axis) for several fixed values of δ. In this example, we take
I0 = 0, I1 = 1, ψ ≡ 1, and g3 ≡ 0, while the fiber dynamics is defined using
g1(τ) = exp(−(Θ−1(τ))2) sin(2πΘ−1(τ)) and g2(τ) = τ (1 − τ). Colors encode
both the sign and the magnitude of the difference between the unstable and sta-
ble manifolds: red corresponds to positive values, blue to negative values, and
in black the zero level curve. The curve levels are equally spaced between the
maximum and the minimum reached within the three panels.

4.1. Numerical evidence and results. In the simpler case in which ψ ≡ 1
in (4.1), the independence of the evolution in the variable I with respect to the
angle φ allows to simplify the study to that of the reduced two-dimensional map

F̂ε,δ(τ, I) =
(
A(τ) , (1 + ε g1(τ)) I + δ g2(τ)(I − I0) + g3(τ) f(I)

)
, (4.4)

removing also the φ-dependence from the splitting function. Throughout this sec-
tion, we use this reduced planar model to illustrate and discuss the numerical
results. Using the previously introduced diffeomorphism Θ(t) = 1/(1 + e−t) (that
is, we consider α = 1 in (2.8)), we compute the invariant manifolds of the dynamical
system on [0, 1]× R and relate the relative splitting oscillations of these manifolds
to different phase-tipping properties. In the examples below, the splitting func-
tion is computed by approximating the stable and unstable manifolds through the
parameterization method in a fundamental domain and then globalized.

Figure 4 illustrates the role of the parameters ε and δ in the splitting be-
tween Wu(0, I1) and Ws(1, I1) for (4.4), for a fixed value of I1. As established
in (4.3), these invariant manifolds coincide when ε = δ = 0. To simplify the
setting considered here, we additionally take g3 ≡ 0. For the choice of g1(τ) =
exp(−(Θ−1(τ))2) sin(2πΘ−1(τ)) made in this example, varying ε produces oscilla-
tions between the invariant manifolds of the tori of the limiting systems. In contrast,
taking g2(I) = τ (1 − τ), the parameter δ, which can be interpreted as dissipation
towards I0, produces a relative displacement between these invariant unstable and
stable manifolds. In particular, for δ large enough, the invariant manifolds do not
intersect. This explains the reduction in the size of the region where the splitting
function is negative as the value of δ is increased.

Figure 5 shows the entanglement of Wu(0, I1) and Ws(1, I1) varying I1, for
different values of ε, with δ = 0 fixed and g3 ≡ 0. So, the term involving g2 plays
no role. Here, g1 is chosen as in Figure 4. If we add the the third variable φ
back to the representation of Figure 5, keeping ψ ≡ 1, we would observe that the
two-dimensional manifolds Wu(K−) and Ws(K+), where K− := {0} × T1 × {I1}
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Figure 5. Unstable and stable invariant manifolds for Fε,δ in the (τ, I)-plane
for a family of fixed points (0, I1) and (1, I1), respectively, with I1 varying over
a prescribed range. Each panel corresponds to a different value of ε, while δ = 0
is kept fixed. The function g1 has been chosen as in Figure 4. The families of
invariant manifolds Wu(0, I1) is plotted in blue and Ws(1, I1) in red; different
shades distinguish individual members.

and K+ := {1} × T1 × {I1}, intersect on a sequence of circles for each choice of I1.
Each point on one of these circles is a representative of a different heteroclinic orbit
within the fundamental domain, hence, we obtain a one-dimensional continuum of
heteroclinic orbits connecting K− to K+.

Going back to the planar map, in Figure 6, we take ε = δ = 0, so that the terms
involving g1 and g2 play no role in (4.4). We consider

g3(τ) = exp(−(Θ−1(τ))2) sin(2πΘ−1(τ)) and f(I) = η (I − 0.5)(I − 1.5),

to illustrate the values of I that are reachable from the unstable manifold Wu(0, I)
parametrized by τ 7→ (τ,Wu

I (τ)). That is, we consider the reduced two-dimensional
map

F̂0,0(τ, I) =
(
A(τ), I + g3(τ) f(I)

)
.

The interval of critical points of the future equation that are accessible through
orbits on the unstable manifold of (0, I) has length

lim sup
τ̄→1−

(
max
τ∈[τ̄ ,1]

Wu
I (τ)− min

τ∈[τ̄ ,1]
Wu

I (τ)

)
.

Note that, since f(I) < 0 for I ∈ (0.5, 1.5), the invariance equation Wu
I (A(τ)) =

Wu
I (τ) + g3(τ)f(W

u
I (τ)) shows that Wu

I (A(τ)) < Wu
I (τ) whenever g3(τ) > 0 and

Wu
I (A(τ)) > Wu

I (τ) whenever g3(τ) < 0. Since it can be deduced from (2.6)
and (2.7) that sin(2πΘ−1(An(τ))) = sin(2πΘ−1(τ)) for all τ ∈ [0, 1] and n ∈ Z,
we get that (g3(A

n(τ)))n∈Z has constant sign for every τ ∈ (0, 1). So, it follows
that the length of the interval of accesible orbits coincides with maxτ∈[0,1]W

u
I (τ)−

minτ∈[0,1]W
u
I (τ). This quantity measures the size of the set of equilibrium points

of the future equation asymptotically connected to the point (0, I) by a heteroclinic
orbit. The maximum spread of the heteroclinic orbits is attained at I = 0.5. The
overall described situation is consistent with phase-induced tipping in the sense
that nearby points on the invariant manifold, selected by different phases, may
have different ω-limit sets. Nevertheless, this cannot properly be regarded as a
critical transition, since the ω-limit set does not change abruptly as a function of
the phase.
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Figure 6. In the left panel, unstable and stable invariant manifolds for Fε,δ

in the (τ, I)-plane for a family of fixed points (0, I1) and (1, I1), respectively,
computed with ε = 0, δ = 0, f(I) = η (I − 0.5)(I − 1.5), η = 0.1, g3(τ) =
exp(−(Θ−1(τ))2) sin(2πΘ−1(τ)), and a range of values of I1. In the right panel,
the range of Wu

I (τ) is shown for different values of η.

Finally, Figure 7 displays results corresponding to (4.4) with

g1(τ) = exp(−(Θ−1(τ))2) sin(2πΘ−1(τ)), f(I) =
2

π
arctan(2(I − 1)) + 1− I,

and g3(τ) = τ . We set δ = 0, so that the term involving g2 plays no role. It
is not hard to check that the future system, which is dissipative, has three fixed
points, located at I1 = 1/2, I1 = 1, and I1 = 3/2. The fixed point at I1 = 1 is
repelling, whereas those at I1 = 1/2 and I1 = 3/2 are attracting. Thus, with these
choices, system (4.4) is asymptotically dissipative as t → ∞ and asymptotically
conservative as t → −∞. Initially, for ε = 0, the unstable manifold of (0, 1) and
the stable manifold of (1, 1) coincide. When ε becomes positive they split in a
similar fashion to that previously discussed in Figures 4, 5 and 6. Nevertheless, a
key difference of the case shown in Figure 7 is that the only possible ω-limit sets
are (1, 1/2), (1, 1) and (3/2, 1). As seen in the figure, every trajectory contained
in the unstable manifold Wu(0, 1) for which Wu − W s > 0 occurs converges to
(3/2, 1), as happens, in particular, for the orbit formed by the black dots shown in
the figure. Likewise, every trajectory for which caseWu−W s < 0 occurs converges
to (1, 1/2), including the green orbit depicted. In this context, the phase-induced
tipping observed here can be characterized as a genuine critical transition: once ε is
fixed, arbitrarily small variations in the phase—that is, small changes in the choice
of trajectory along the unstable manifold—lead to sharply distinct ω-limit sets.

4.2. Surgical intersections between manifolds. In this section we first provide
an example such that the intersection of the two-dimensional manifolds Wu

ε,δ(K−)

and Ws
ε,δ(K+) reduces to a single orbit (An(τ∗), xn)n∈Z for a given τ∗ ∈ (0, 1).

After that, we modify the example so that the corresponding invariant manifolds
intersect in a Cantor set of orbits. These examples will be relevant in underscoring
the connection between the two different approaches to phase-induced tipping given
in Section 3. For the sake of clarity, throughout this section we explicitly include the
subscripts ε and δ in the notation for the stable and unstable invariant manifolds.

4.2.1. A single orbit as the intersection of 2D invariant manifolds. To construct
such an example, let us take g3 ≡ 0 in (4.1). That is, consider on [0, 1] × T1 × R
the map

Fε,δ(τ, φ, I) =
(
A(τ), φ+ ω, (1 + ε g1(τ)) I + δ g2(τ)ψ(φ) (I − I0)

)
.
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Figure 7. We consider Fε,δ with δ = 0, I0 = 1, g1(τ) =
exp(−(Θ−1(τ))2) sin(2πΘ−1(τ)), g3(τ) = τ , f(I) = (2I0/π) arctan(2(I/I0−1))+
I0−I. For different values of ε, we display in blue Wu(0, I1) for a range of values
of I1, together with Ws(1, 1) in red. The color points correspond to orbits on
(τ,Wu

1 (τ)) obtained from the sections τn = An(τ0) with τ0 = 0.425 (greeen),
τ0 = 0.5 (purple), and τ0 = 0.575 (black), respectively.

Starting from the unperturbed system ε = δ = 0, we construct such an example
in two steps. First, we choose a function g1 and fix a sufficiently small ε > 0,
thereby obtaining a splitting such as that shown in Figure 5. Second, we choose
suitable functions g2 ≥ 0 and ψ ≥ 0 so that the resulting perturbed system, with
the previously fixed value of ε and δ = 1, has the desired properties.

We consider the same choice of g1(τ) = exp(−(Θ−1(τ))2) sin(2πΘ−1(τ)) as in
Figure 5, where Θ(t) = 1/(1+e−t). For δ = 0, thereby considering a φ-independent

parametric variation, we fix a small value of ε > 0. Let (τ, φ) 7→ (τ, φ, Ŵu
ε (τ)) with

Ŵu
ε : [0, 1) → R be a parametrization of Wu

ε,0(K−), and let Ŵ s
ε define the analogous

parametrization of Ws
ε,0(K+), defined on (0, 1]. As before, given I1 ∈ R, we denote

K− = {0} × T1 × {I1} and K+ = {1} × T1 × {I1}. Both Ŵu
ε and Ŵ s

ε satisfy the
invariance equation

Ŵε(A(τ)) = (1 + ε g1(τ)) Ŵε(τ) , (4.5)

and, moreover, Ŵu
ε (0) = Ŵ s

ε (1) = I1. Note that the choice of g1 guarantees that
g1(A

n(1/2)) = 0 for every n ∈ Z. Substituting this identity into (4.5), we find that

both Ŵu
ε and Ŵ s

ε are constant along the orbit of the point (1/2, I1); that is, one

has Ŵε(A
n(1/2)) = Ŵε(A

m(1/2)) for all n,m ∈ Z. Letting m → ∞ and using
the asymptotic behavior of the corresponding parametrizations, we conclude that
Ŵu

ε (A
n(1/2)) = Ŵ s

ε (A
n(1/2)) = I1 for every n ∈ Z.

Now, we look for appropriate functions g2 and ψ such that Wu
ε,δ(K−)∩Ws

ε,δ(K+)
reduces to a single orbit when δ = 1. Figure 8 displays the functions involved in
the construction; referring to it may facilitate the reading of the text. First, we
impose a simplifying condition on the function g2, which will allow us to compute
the splitting function explicitly on a prescribed interval for the perturbation in ε
and δ. We fix τ̄ ∈ (0, 1) such that Ŵu

ε (τ̄) > Ŵ s
ε (τ̄), in particular, τ̄ ̸∈ {An(1/2)}n.

We choose the function g2 in such a way that g2(τ) > 0 for τ ∈ (τ̄ , A(τ̄)) and
g2(τ) = 0 otherwise. Notice that, under these assumptions,

Fε,δ(τ, φ, I) =
(
A(τ), φ+ ω, (1 + ε g1(τ)) I

)
= Fε,0(τ, φ, I)

for τ ̸∈ (τ̄ , A(τ̄)). Hence, if the unstable invariant manifoldWu
ε,δ(K−) is parametrized

by (τ, φ) 7→ (τ, φ,Wu
ε,δ(τ, φ)), the map Wu

ε,δ satisfies the invariance equation (4.5)
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for τ ≤ τ̄ . This, together with the asymptotic behaviour of Wu
ε,δ(τ, φ) → I1 as

τ → 0 ensures that Wu
ε,δ(τ, φ) = Ŵu

ε (τ) for all τ ≤ A(τ̄). Analogously, if the stable

invariant manifold Ws
ε,δ(K+) is parametrized by (τ, φ) 7→ (τ, φ,W s

ε,δ(τ, φ)), then

we obtain that W s
ε,δ(τ, φ) = Ŵ s

ε (τ) for all τ ≥ A(τ̄). Therefore, for τ ∈ [τ̄ , A(τ̄)]
we have that

W s
ε,δ(A(τ), φ+ ω) = Ŵ s

ε (A(τ)) = (1 + ε g1(τ)) Ŵ
s
ε (τ)

=
(
1 + ε g1(τ) + δ g2(τ)ψ(φ)

)
W s

ε,δ(τ, φ)− δ I0 g2(τ)ψ(φ) ,

from where we get that

W s
ε,δ(τ, φ) =

(1 + ε g1(τ)) Ŵ
s
ε (τ) + δ I0 g2(τ)ψ(φ)

1 + ε g1(τ) + δ g2(τ)ψ(φ)
, for τ ∈ [τ̄ , A(τ̄)] .

Therefore, we can explicitly write down the splitting function for τ ∈ [τ̄ , A(τ̄)] as

Sε,δ(τ, φ) =
(1 + ε g1(τ))(Ŵ

u
ε (τ)− Ŵ s

ε (τ)) + δ g2(τ)ψ(φ)(Ŵ
u
ε (τ)− I0)

1 + ε g1(τ) + δ g2(τ)ψ(φ)
. (4.6)

And thus, for (τ, φ) ∈ [τ̄ , A(τ̄))× T1, we get that Sε,δ(τ, φ) = 0 if and only if

(1 + ε g1(τ))(Ŵ
u
ε (τ)− Ŵ s

ε (τ)) + δ g2(τ)ψ(φ)(Ŵ
u
ε (τ)− I0) = 0 ,

and in fact Sε,δ and (1 + ε g1)(Ŵ
u
ε − Ŵ s

ε ) + δ g2 ψ(Ŵ
u
ε − I0) have the same sign at

every point if ε is sufficiently small.
Recall that we seek the desired tangency to take place for δ = 1. Hence, we

now choose the functions g2 and ψ so that Sε,1 vanishes at exactly one point in
[τ̄ , A(τ̄))× T1. We take

g2(τ) = η0(τ)
1 + ε g1(τ)

Ŵu
ε (τ)− I0

,

for some nonnegative function η0 : [0, 1] → [0,∞) supported on [τ̄ , A(τ̄)]. Thus,
Sε,1 has the same sign as

Ŵu
ε (τ)− Ŵ s

ε (τ) + η0(τ)ψ(φ) . (4.7)

Consider the compact setK = {τ ∈ [τ̄ , A(τ̄)] | Ŵu
ε (τ)−Ŵ s

ε (τ) ≤ 0}, and assume
that K ⊂ (τ̄ , A(τ̄)). Note that this last assumption entails no loss of generality,
since τ̄ can be chosen again, if necessary, so that it is satisfied. Then, we select
τ∗ ∈ K with Ŵu

ε (τ
∗)− Ŵ s

ε (τ
∗) < 0 and define

q(τ) := (τ − τ∗)
2 .

Next, consider the function p(τ) = q(τ)− (Ŵu
ε (τ)− Ŵ s

ε (τ)) and note that p(τ) > 0
for τ ∈ K. Then, take an open neighbourhood K ⊂ U ⊂ (τ̄ , A(τ̄)) such that
p(τ) > 0 for all τ ∈ U . Finally, consider a C∞ function η1 taking values in [0, 1]
such that η1(τ) = 1 for all τ ∈ K and η1(τ) = 0 for all τ ̸∈ U , and define

η0(τ) := η1(τ) p(τ) ,

Note that η0(τ) ≥ 0 for all τ ∈ [0, 1]. With these choices, since

Ŵu
ε (τ)− Ŵ s

ε (τ) + η0(τ) = (1− η1(τ))(Ŵ
u
ε (τ)− Ŵ s

ε (τ)) + η1(τ)(τ − τ∗)
2 , (4.8)

it is not hard to check that Ŵu
ε (τ)−Ŵ s

ε (τ)+η0(τ) > 0 for all τ ∈ [τ̄ , τ∗)∪(τ∗, A(τ̄)]

and that Ŵu
ε (τ∗) − Ŵ s

ε (τ∗) + η0(τ∗) = 0: for τ ∈ K \ {τ∗} the first term in the
right hand side of (4.8) vanishes and the second one is strictly positive, for τ ∈
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Figure 8. Functions involved in the construction of Section 4.2.1, with ψ(φ) ≡ 1
and ε = 0.1. The left panel shows Wu(0, 1) and Ws(1, 1) for the map with
δ = 0. The central panel displays the tangency between the invariant mani-
folds taking place at δ = 1 when adding the perturbation g2 with τ̄ = 0.32,
I0 = 0, τ∗ = 0.43761, q(τ) = 12 (τ − τ∗)

2, K ≈ [0.37760, 0.49973] and
U = (0.36299, 0.51835). The upper-right panel shows, over the interval [τ̄ , A(τ̄)],
the δ-unperturbed splitting function, together with the functions q, η0, and g2
corresponding to the previous choices. The vertical dashed lines mark the zeros

of Ŵu
ε − Ŵ s

ε , which delimit the interval K. The lower-right panel depicts the
cutoff function η1, whose plateau coincides with the interval K.

[τ̄ , A(τ̄)] \K the first term is nonnegative and the second one is strictly positive,
and for τ = τ∗ both terms vanish.

In the particular setting illustrated in Figure 8, K is a closed interval and U is
an open interval containing it, and we construct η1 as follows. Let ξ : R → R be
defined by ξ(s) = 0 for s ∈ (−∞, 0], ξ(s) = e−1/s/

(
e−1/s+ e−1/(1−s)

)
for s ∈ (0, 1),

and ξ(s) = 1 for s ∈ [1,∞). Let T1 be the affine transformation mapping inf U to
0 and infK to 1, and let T2 be the affine transformation mapping supK to 1 and
supU to 0. We then define η1 by η1(τ) = ξ(T1(τ))ξ(T2(τ)). By construction, η1
belongs to C∞, is identically equal to 1 on K, and vanishes outside U .

Now, for a fixed φ∗ ∈ T1, we consider

ψ(φ) = 2− cos(2π(φ− φ∗)) , (4.9)

so that, from (4.7) and using the fact that η0 ≥ 0, one obtains that

Sε,1(τ, φ) > 0 for all (τ, φ) ∈ [τ̄ , A(τ̄)]× T1 \ {(τ∗, φ∗)} and Sε,1(τ∗, φ∗) = 0 .

That is, the orbit of (τ∗, φ∗,W
u
ε,1(τ∗, φ∗)) is the unique orbit which belongs to

Wu(K−) ∩Ws(K+), as desired. In Figure 9, the level curves of the splitting map
Sε,δ are represented for this example. In particular, for δ < 1 but close to it, we
see that the intersection between the nodal lines of Wu(K−) and Ws(K+) in the
fundamental domain [τ̄ , A(τ̄)]× T1 is of bubble type [25].

It is worth noting that this example illustrates the difference between the two
approaches for analyzing tipping induced by phase-change introduced in Section
3. As constructed above (and illustrated in Figure 9), there exists a unique point
(τ∗, φ∗) ∈ [τ̄ , A(τ̄)) × T1 such that (τ∗, φ∗,W

u(τ∗, φ∗)) ∈ Wu(K−) ∩Ws(K+). By
the analogue of Theorem 2.3(iii) stated in Remark 2.6, we obtain that

lim
n→∞

d
(
Fn(τ∗, φ∗,W

u(τ∗, φ∗)),K+

)
= 0 ,
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Figure 9. Level curves of Sε,δ(τ, φ), given in (4.6). With the exception of δ,
which takes different values on each panel, all other functions and parameters
are chosen as in Figure 8. The thick black curve, which reduces to a point in the
right panel, denotes the zero level Sε,δ = 0.

Figure 10. Level curves of Sε,δ(τ, φ), given in (4.6), with the same choices in
Figure 9, except for the values of δ. These values of δ illustrate how perturbing
the parameter transforms the transverse intersection of the manifolds at δ = 0
into a bubble-type intersection, which subsequently evolves into the single-point
intersection shown in Figure 9, passing through an intermediate value at which
the intersection is of saddle type for some δ0 ∈ (0.332, 0.335).

while, for any (τ, φ) ∈ [τ̄ , A(τ̄))× T1 \ {(τ∗, φ∗)},
lim sup
n→∞

d
(
Fn(τ, φ,Wu(τ, φ)),K+

)
> 0 .

We now consider the unstable fiber attached to (0, φ0, I1) for some φ0 ∈ T1 such that
it does not existm ∈ Z such that φ0 = φ∗+mω, that is, the points parametrized by
τ 7→ (τ, φ0,W

u(τ, φ0)). The previous statements show that K+ is not the ω-limit
set of any such point. This reinforces the need to choose carefully the appropriate
definition of tipping due to phase, depending on the problem under analysis.

4.2.2. A discrete set of orbits in the intersection of 2D invariant manifolds. One
advantage of the previous construction is that we can slightly modify the defi-
nitions of the functions q and ψ to obtain more complicated intersections. For
example, it suffices to replace the definition of q with q(τ) := (τ − τ1)

2(τ − τ2)
2

for τ1, τ2 ∈ K to get the tangency of Wu(K−) and Ws(K+) on two orbits, those of
(τ1, φ∗,W

u
ε,1(τ1, φ∗)) and (τ2, φ∗,W

u
ε,1(τ2, φ∗)). We obtain the analogous effect in

the other variable if we replace ψ with ψ(φ) := 2− cos(4π(φ− φ∗)). One such re-
placement is shown in Figure 11. Figure 12 replaces ψ with another combination of
trigonometric functions, making different intersections dissapear at different values
of the parameter δ.
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Figure 11. Level curves of Sε,δ(τ, φ), given in (4.6), with the same choices of
Figure 9, except for q(τ) = 104(τ −0.41)2(τ −0.47)2, U = (0.32288, 0.55817) and
ψ(φ) = 2 − cos(4π(φ − 0.25)). Four points of tangency between the manifolds
are obtained.

Figure 12. Level curves of Sε,δ(τ, φ), given in (4.6), with the same choices of
Figure 9, except for ψ(φ) = 2.2470501568128455 − 0.098762 cos(2π(φ − 0.5)) +
0.525561 cos(4π(φ−0.5))−0.955835 cos(6π(φ−0.5))−0.255956 cos(8π(φ−0.5)),
which takes its global minimum (with value close to 1) at φ = 0.2 and φ = 0.8,
and takes another local minimum at φ = 0.5. It causes the intersections near
φ = 0.5 to disappear before the others.

Finally, we remark that this construction also allows us to build Cantor sets
of representants of heteroclinic connections within one fundamental domain. To
this end, we can replace the function q with a nonnegative C∞ function such that
there exists a Cantor set C1 ⊆ K such that q(τ) = 0 for τ ∈ C1 and q(τ) > 0
for τ ̸∈ C1. Such a function can be obtained as a series of bump functions taking
positive values on each gap of the complement of C1. Indeed, for a Cantor set C
obtained by the procedure of successively excising subintervals stages, a function
q as before can be defined as follows. Write its complement as the disjoint union

K \C =
⋃

n≥1

⋃2n−1

j=1 In,j , where In,j = (an,j , bn,j) is one of the intervals removed at

stage n. In the case of a middle-third Cantor set, the interval In,j has length 3−n.
On each gap, define the bump function ϕn,j(x) = exp

(
−1/((x − an,j)(bn,j − x))

)
for x ∈ In,j , and set ϕn,j(x) = 0 otherwise. Each ϕn,j is nonnegative and belongs
to C∞; moreover, it is strictly positive on In,j and flat at both endpoints, meaning

that ϕ
(k)
n,j(an,j) = ϕ

(k)
n,j(bn,j) = 0 for every k ≥ 0.

Define q(x) =
∑

n≥1

∑2n−1

j=1 ϕn,j(x). Since the complementary intervals are pair-

wise disjoint, at most one summand is nonzero at any given point. Thus, q(x) > 0
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for x ∈ K \ C, whereas q(x) = 0 for x ∈ C. Notice that these bumps are not nor-
malized to have height one. Indeed, if I = (a, b) is a gap of length l = b − a, then
supx∈I ϕI(x) = exp(−4/l2). Therefore, although the supports become narrower,
their heights decrease faster than any power of l.

More generally, for every k ≥ 0, there exist constants Ak, ck > 0 and an integer

Nk ≥ 0, independent of the gap I, such that ∥ϕ(k)I ∥∞ ≤ Ak l
−Nk exp(−ck/l2).

Since l−N exp(−c/l2) → 0 as l → 0, for every N ≥ 0 and c > 0, the derivatives of
every fixed order tend uniformly to zero on the gaps as their lengths tend to zero.
Consequently, each derivative of q extends continuously to C by assigning it the
value zero there. It follows that q ∈ C∞([0, 1]), that q−1({0}) = C, and, in fact,
that q is flat on C, i.e., q(k)(x) = 0 for every x ∈ C and every k ≥ 0.

Analogously, we can replace ψ with a function on T1 such that there exists a
Cantor set C2 ⊆ T1 such that ψ(φ) = 1 whenever φ ∈ C2 and ψ(φ) > 1 for all
φ ̸∈ C2.

If middle-third Cantor sets C1 and C2 are used, the previous construction leads
to a null Lebesgue measure Cantor set of heteroclinic connections within the funda-
mental domain [τ̄ , A(τ̄)]× T1, whereas if, for example, middle-quarter Cantor sets
are used, one obtains a positive Lebesgue measure Cantor set of such heteroclinic
connections.

5. Conclusions

This paper contributes to the discussion of different notions of phase-induced
tipping introduced in the literature and of the relationships among them in the set-
ting of asymptotically autonomous discrete dynamical systems. The formulation of
critical transitions in terms of local pullback attractors and repellers, as developed
in the existing literature, provides a natural and well-established point of refer-
ence for the present discussion. In the compactified formulation considered here,
the past and future autonomous limit systems are represented by invariant hyper-
planes, which are studied as normally hyperbolic attracting and repelling invariant
manifolds. The unstable fiber bundle of the past invariant hyperplane and the
stable fiber bundle of the future invariant hyperplane provide additional geometric
insight into the pullback objects involved in these transitions. This viewpoint also
allows analogous connections to be considered when the relevant object of the past
system is not attracting or that of the future system is not repelling, while retaining
the local pullback interpretation whenever its hypotheses apply.

From this perspective, phase-induced tipping is related to the existence, absence,
and geometry of intersection between the corresponding stable and unstable fiber
bundles. Such intersections identify trajectories connecting prescribed objects of
the past and future systems and therefore help determine which phases may lead
to a given asymptotic outcome. Several forms of reversibility facilitate the location
of some of these intersections and the characterization—or even prevention—of
phase-induced tipping.

The splitting of stable and unstable manifolds provides a mechanism through
which the phase may determine whether a connection exists and, consequently,
whether tipping occurs, as illustrated by the examples in Section 4.1. As discussed
in Section 4.2, the first and last tangencies between invariant manifolds determine
the range of accessible α/ω-limits sets in the past/future evolution of a given initial
state of the system.
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The framework discussed through this paper also suggests some possible direc-
tions for further study. Note that we have considered compactified asymptotically
autonomous problems in which the invariant hyperplanes representing the past and
future limits are normally hyperbolic. While this is natural if one can consider
the appropriate functions leading to time compactification, a natural extension
would be to consider compactifications for which one or both of these invariant
hyperplanes are parabolic (that is, with polynomial decay as considered in [39]),
requiring constructions adapted to the resulting nonhyperbolic dynamics. It would
also be interesting to study more complicated past and future objects, including
chaotic invariant sets, for which stable and unstable fiber bundles might still pro-
vide a useful way of describing transition channels and their dependence on the
forcing phase. These questions, together with applications to specific models are
left for future work.

References

[1] J. Alexander, R.A. Gardner, C.K.R.T. Jones. A topological invariant arising in the stability

analysis of travelling waves, J. Reine Angew. Math. 410, 167–212 (1990).

[2] H. Alkhayuon, P. Ashwin. Rate-induced tipping from periodic attractors: Partial tipping and
connecting orbits. Chaos 28, 033608 (2018).

[3] H. Alkhayuon, J. Marley, S. Wieczorek, R.C. Tyson. Stochastic resonance in climate redden-

ing increases the risk of cyclic ecosystem extinction via phase-tipping. Global Change Biology
29, 3347–3363 (2023).

[4] H. Alkhayuon, R.C. Tyson, S. Wieczorek. Phase tipping: how cyclic ecosystems respond to

contemporary climate. Proc. Roy. Soc. A 477 (2254), 20210059 (2021).
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Appendix A. Proof of Theorem 2.3

Since F is triangular and a diffeomorphism of [0, 1] × Rd, the map A : [0, 1] →
[0, 1] is a Cℓ+1 diffeomorphism and g0 : Rd → Rd is a Cℓ+1 diffeomorphism.

By (H1), after decreasing τ0 > 0 if necessary, we may assume that A′(τ) > 1 for
every τ ∈ [0, τ0]. We first turn the bunching condition (H4) on U into a uniform
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condition on a neighbourhood. Define

B(τ, x) :=
DxG

(
F−1(τ, x)

)
A′
(
A−1(τ)

) .

For x = g0(y) ∈ K, one has B(0, x) = Dg0(y)/A
′(0). Let Cℓ

d := Cℓ(U0,Rd) be
the space of functions from U0 to Rd with continuous partial derivatives up to
order ℓ, and let us endow C0

d with the supremum norm ∥h∥C0
d
:= supx∈U0

∥h(x)∥
corresponding to the chosen norm on Rd. Then, (H4), compactness of U and
continuity imply that, after decreasing τ0 if necessary, one has

∥B∥C0
d
max

{
1, ∥DF−1∥ ℓ

C0
d

}
< 1 .

We shall use this estimate in the sequel.
Set

C(τ, x) :=
DτG

(
F−1(τ, x)

)
A′
(
A−1(τ)

) .

Since F is Cℓ+1, the functions B and C are of class Cℓ on U0. Consider the affine
graph transform

(T u)(τ, x) := C(τ, x) +B(τ, x)u
(
F−1(τ, x)

)
acting on Cℓ

d. This is well defined because F−1(U0) ⊆ U0.
For ε ∈ (0, 1], endow Cℓ

d with the weighted norm

∥u∥ℓ,ε :=
ℓ∑

j=0

εj∥Dju∥C0
d
.

We claim that, for ε > 0 sufficiently small, T is a contraction for this norm. Indeed,
if u, v ∈ Cℓ

d and w := u− v, then

T u− T v = B · (w ◦ F−1) .

Let 0 ≤ j ≤ ℓ. By Leibniz’ rule and Faà di Bruno’s formula, the principal contri-
bution to Dj(B · (w ◦ F−1)) is the term in which all j derivatives fall on w rather
than B. This term is bounded by

∥B∥C0
d
∥DF−1∥j

C0
d
∥Djw∥C0

d
.

Multiplying the principal contribution of order j by εj , and then summing over
j = 0, . . . , ℓ, the sum of all principal contributions is bounded by

∥B∥C0
d
max{1, ∥DF−1∥ℓC0

d
}∥w∥ℓ,ε .

All remaining terms contain either a derivative of B or a derivative of w of order
at most j − 1. Therefore, after multiplying by εj , each of these lower-order terms
gains an additional factor ε. Consequently there exists a polynomial Pℓ, depending
only on ℓ and d, such that

∥T u− T v∥ℓ,ε ≤
(
θ0 + ε Pℓ

(
∥B∥Cℓ

d
, ∥F−1∥Cℓ

d

))
∥u− v∥ℓ,ε ,

where θ0 := ∥B∥C0
d
max{1, ∥DF−1∥ℓ

C0
d
} < 1.

Choosing ε > 0 sufficiently small, T is a contraction. By Banach’s fixed point
theorem, there exists a unique u∗ ∈ Cℓ

d such that T u∗ = u∗.
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For every (τ, x) ∈ F−1(U0), the fixed point equation gives

u∗
(
F (τ, x)

)
=
DτG(τ, x) +DxG(τ, x)u∗(τ, x)

A′(τ)
.

Define X(τ, x) := (1, u∗(τ, x)). Then, the previous identity is equivalent to

DF (τ, x)X(τ, x) = A′(τ)X
(
F (τ, x)

)
for every (τ, x) ∈ F−1(U0). Thus the line field Eu(τ, x) := span(X(τ, x)) is Cℓ and
DF -invariant on F−1(U0). Since the first component of X is identically equal to 1,
this line field is transverse to the sections {τ = const}.

By the Cℓ dependence theorem for ODEs, there exist δ ∈ (0, τ0] and a neigh-
bourhood V0 ⊆ U with V0 ⊆ V of K such that, for every x0 ∈ V0, the initial value
problem

x′(τ) = u∗(τ, x(τ)), x(0) = x0 ,

has a unique solution on [0, δ) not leaving U . Denote this solution by v0(τ, x0).
The map v0 : [0, δ)×V0 → Rd is of class Cℓ and satisfies v0(0, x0) = x0. We define
Wu := v0|[0,δ)×K and Ψ(τ, x) := (τ,Wu(τ, x)). Then, (i) follows immediately.

We now prove the invariance identity. Fix x ∈ K and τ ∈ (0, δ), and note that
0 < A−1(τ) < τ . Define γx(t) := Ψ(t, x) for t ∈ [0, δ) and note that the curve γx
is an integral curve of X. For s ∈ [0, A−1(τ)], consider γ̂x(s) := F−1

(
γx(A(s))

)
.

Using the invariance of X, one obtains

γ̂′x(s) = DF−1
(
F (γ̂x(s))

)
X
(
F (γ̂x(s))

)
A′(s) = X(γ̂x(s)) .

Moreover, γ̂x(0) = F−1(0, x) = (0, g−1
0 (x)). By uniqueness of integral curves of X

it follows that
F−1

(
Ψ(τ, x)

)
= Ψ

(
A−1(τ), g−1

0 (x)
)
.

Since g0(K) = K, this gives (ii) for every x ∈ K.

We next show that Ψ : [0, δ)×K → [0, δ)×Rd is a Cℓ embedding. Since its first
component is τ , points with different τ have different images. For a fixed τ , the
map x 7→ v0(τ, x) is the time-τ map of the nonautonomous ODE x′ = u∗(s, x), and
is therefore a Cℓ diffeomorphism onto its image. In particular, Ψ is an injective
immersion and defines a Cℓ embedding. This proves (iv).

Let Wu
loc(K−) :=

{
(τ,Wu(τ, x))

∣∣ τ ∈ (0, δ), x ∈ K
}
. By the invariance iden-

tity (ii), if z = Ψ(τ, x) ∈ Wu
loc(K−), then F−n(z) = Ψ

(
A−n(τ), g−n

0 (x)
)
for all

n ≥ 0. Since A−n(τ) → 0 and g−n
0 (x) ∈ K, we get dist

(
F−n(z), {0} × K

)
→ 0.

This proves the inclusion “⊆” in (iii).
Conversely, let z ∈ (0, δ) × Rd satisfy dist

(
F−n(z), {0} × K

)
→ 0. Write zn :=

F−n(z). Recall that the map

Φ : [0, δ)× V0 → [0, δ)× Rd, Φ(τ, y) := (τ, v0(τ, y)) ,

is also a Cℓ diffeomorphism onto its image. Moreover, Φ(0, y) = (0, y). Thus
Φ([0, δ) × V0) is a neighbourhood of {0} × K in [0, δ) × Rd. Hence, there exists
N ∈ N such that zn ∈ Φ([0, δ) × V0) for all n ≥ N . Therefore, for every n ≥ N ,
there exist τn ∈ [0, δ) and yn ∈ V0 such that zn = Φ(τn, yn). The invariance identity
for the extended parametrization Φ gives F−1

(
Φ(τ, y)

)
= Φ

(
A−1(τ), g−1

0 (y)
)
. Since

the first component of F is A, if τz denotes the first component of z, then necessarily
τn = A−n(τz). Hence, for every n ≥ N , yn+1 = g−1

0 (yn). Consequently, yN+j =

g−j
0 (yN ) for every j ≥ 0.
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Since τn → 0, Φ(0, y) = (0, y), and dist(zn, {0}×K) → 0, we get dist(yn,K) → 0.
Therefore, the α-limit set of yN is contained in K. By (H3), this implies yN ∈
K. Consequently, zN = Φ(τN , yN ) = Ψ(τN , yN ) ∈ Wu

loc(K−). Using the forward
invariance identity finitely many times, we conclude that z = FN (zN ) ∈ Wu

loc(K−).
This proves the reverse inclusion in (iii).

Finally, uniqueness follows from the dynamical characterization (iii). Indeed,
any other Cℓ map with the same characterization has the same image Wu

loc(K−).
Since every point of this image has a unique first coordinate τ and the sections are
graphs over K, the corresponding fiber map must coincide with Wu.

It remains to prove the last assertion under the additional assumption that
(K, g0) is conjugate to a rigid rotation. Let h : K → Tm be a homeomorphism
such that h ◦ g0|K = Rω ◦ h, where Rω is an irrational rotation of Tm.

First, note that Wu(τ, x) satisfies the required asymptotic property. Indeed, by
the invariance identity in (ii), for every τ ∈ (0, δ) and every x ∈ K we have

F−n
(
τ,Wu(τ, x)

)
=
(
A−n(τ),Wu(A−n(τ), g−n

0 (x))
)
.

Since A−n(τ) → 0 and Wu(0, z) = z for every z ∈ K, it follows that

dist
(
F−n

(
τ,Wu(τ, x)

)
,
(
0, g−n

0 (x)
))

→ 0 .

We now prove uniqueness. Let y ∈ Rd satisfy the property. Then, in particular,

dist
(
F−n(τ, y), {0} × K

)
→ 0 ,

and, by (iii), one has (τ, y) ∈ Wu
loc(K−). Hence there exists z ∈ K such that

y =Wu(τ, z). Using again the invariance identity, we get

F−n(τ, y) = F−n
(
τ,Wu(τ, z)

)
=
(
A−n(τ),Wu(A−n(τ), g−n

0 (z))
)
.

Since A−n(τ) → 0, the assumed convergence to (0, g−n
0 (x)) ensures that

dist
(
Wu(A−n(τ), g−n

0 (z)), g−n
0 (x)

)
→ 0 .

Since the sequence (g−n
0 (z))n is bounded inK, dist

(
Wu(A−n(τ), g−n

0 (z)), g−n
0 (z)

)
→

0 and therefore dist
(
g−n
0 (z), g−n

0 (x)
)
→ 0. Applying the conjugacy h, we obtain

distTm

(
R−n

ω h(z), R−n
ω h(x)

)
→ 0. But Rω is an isometry of Tm, and therefore

distTm

(
R−n

ω h(z), R−n
ω h(x)

)
= distTm

(
h(z), h(x)

)
for every n ≥ 0. Hence distTm(h(z), h(x)) = 0, so h(z) = h(x). Since h is injective,
z = x. Consequently y =Wu(τ, x). This proves the uniqueness claimed in the last
assertion.
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