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Trajectory design

Astrodynamics = part of Celestial Mechanics
dealing with the design of s/c trajectory for
space missions (geocentric, interplanetary)

Observation of planets and their satellites

Study of minor bodies (asteroids,comets)
Study of interplanetary environment, incl. the Sun




Building a trajectory means...

Fundamental ingredient is GRAVITY
(n-body problem)

BUT
Design involves other parameters and
constraints:
launcher capab., time of flight, number and
size of orb. manouvres, phase angles,
distances of closest approach, relative
Speed, ecc.



Preliminary Design

First step: feasibility study based on a
simplified dynamical model: “restricted” two
body problem (Sun-Planet, Sun-s/c)

and constraints.

Second step: optimization

Third step: full n-body model and other
effects



Keplerian orbits

From N to 2 bodies...

The general solution of the N body problem requires 6N independent
functions, one for each coordinate of position and velocity, with 6N

constants of integration.

This is equivalent to finding 6N first integrals of the sytem, i.e., 6N
independent functions of the dynamical variables (and time)
which remain constant over the trajectory in phase space

(I’I’t) C(J_lz 6N)



We only know a total of 10 first integrals for any N>= 2
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For N= 2 the general solution of the 6N differential equations
ESISTS

It is related to the 3 Kepler’s laws of planetary motion for which
It provides a physical interpretation:

1) The orbit of every planet is an ellipse (planar curve) with the
Sun at one focus

2) Aline joining the planet and the Sun sweeps out equal areas
during equal intervals of time

3) The square of the orbital period of a planet is directly proportional
to the third power of the semi-major axis of its orbit. The constant of
proportionality is the same for all the planets



Orbital elements on the elliptic orbit

a, e define the shape T gives time “origin”

(), w, i define the orientation in space
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From orbital elements to state vector

p=a(l-e®) Solution of
P Kepler’'s equation

r:1+ecosf —

\/;esmf
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b, =cosQcos(w + f)—sinQsin(w + f)cosi
b, =sinQcos(w + f)—cosQsin(ew + f)cosi

b, =sin(w + f)sini
c, =cosQsin(w + f)+sinQcos(w + f)cosi
¢, =sinQsin(w + f)—coscos(w + )cosli

c, =cos(w + f)sini



From state vector to orbital elements
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Features and kinematical quantities of hyperbolas




Types of transfers

 Direct transfer

- Multiple encounters trajectories




Direct transfers

Two point-masses orbiting the Sun on elliptic/circular orbits
connected by one (or more) keplerian arc:

* HOHMANN TRANSFER Mars
* BIELLIPTIC TRANSFER
* OUT-OF-PLANE TRANSFERS

Earth ‘



Hohmann transfer

TRANSFER ORBIT APHELION
COINCIDES WITH MARS ORBIT

Transfer angle = 180deg

3

. a
Transfer time = 7. |—F—
Ho

5 T TRAN SFER
r. —r A . Ho 2ra / rp 1 Fll:]'[:il‘;ET LEAVES EARTH
eH __a p Vv D= 1 / — AT TRANSFER ORBIT PERIHELION
r,+r Iy +h /Ty
E,y =0 Av, = [o|1- N TRANSFER ORBIT PERIMELION
rp + ra ra l-|— ra / rp COINCIDES WITH VE J- ORBI

Convenient only when ratio
of planets radii < 11.94
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Optimality of Hohmann as a two-impulse transfer :
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This is Hohmann!!



Bi-elliptic transfer

Three-impulse transfer between two circular orbits:

Quter: rB >r2

(Inner: rB <r2)
Trajectory consists of two half ellipses (1-2 and 2-3) :
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+ for inner
r , - for outer
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Outer bielliptic cheaper than inner bielliptic
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Hohmann VS. B| eII|pt|c transfer in the Solar System

Bi: elllptrc A :
b= 20 0r2 (rb =100.0 r2)
_ Earth departure (r1 =1 AU)
max Hohmann DV at15.6 ‘
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solve for x:




To Mars:
Hohmann: r=1AU; r,=152 AU; a, =1.26 AU; t,,=258.9d=8.6 m
AV =(2.95+ 2.65) km/s=5.6 km/s

Bielliptic: r, =1.5r,; a =1.64 AU; a, =1.91 AU; t,+t,=864.76 d =28.8 m
Av = (5.35+2.25+2.30) km/s=9.9 km/s

To Venus:
Hohmann: r,=1AU; r,=0.72 AU; a, =0.86 AU; t,=146.0d =4.9 m
Av = (2.50+ 2.71) km/s= km/s

Bielliptic: r, =1.5r,; a, =1.04 AU; a, =0.90 AU; t;+t,=351.21d =11.7 m
AV = (0.60 + 2.43+3.34) km/s=6.35 km/s

To Uranus:
Hohmann: r,=1AU; r,=19.18 AU; a,, =10.09 AU; t,=16.2y
Av =(11.28 +4.66) km/s=

Bielliptic: r, =1.5r,; a, =14.89 AU; a, =23.98 AU; t,+t,=88.7y
Av =(11.62+3.53+0.65) km/s= km/s



Mercury
Venus
Mars

Jupiter

Saturn
Uranus
Neptune
Pluto
units

To the planets with Hohmann




Transfer time: Lambert problem

Two-Point Boundary Value Problem

Sun + s/c: given P1 and P2, find the trajectory corresponding
to a given transfer time

Lamber theorem:
At = At (a,rit+rz,c)

Transcendent equation

lterative solution




Launch opportunities
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trade-off

FUEL (Av) TIME

Journeys to the nearest planets, Mars and Venus, can use Hohmann
requiring very nearly the smallest possible amount of fuel, but slow

(8 months from Earth to Mars)

-- RTBP libration point orbits use even less fuel, but are much slower--

It might take decades for a spaceship to travel to the outer planets
(Jupiter, Saturn, Uranus, etc.) using Hohmann and would still require
far too much fuel

Gravitational slingshots offer a way to gain speed without using
any fuel, and all missions to the outer planets have used it.



Types of encounter (1/3)

* FLYBY: with minor body, no grav. interaction, fast
or with planet but fast and grav. interaction irrelevant

e.g., Giotto encounter with comet Halley in 1986
Relative speed 70 km/s at closest approach (600 km)
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Types of encounter (2/3)

« RENDEZVOUS: with minor body, no interaction,
slow, similar orbit as target body

e.g., NEAR (Near Earth Asteroid Rendezvous)
with asteroid EROS in 1999

%

Earth swingby (253) Mathilde
orbit
Deep space
maneuver
422\ Eroc i (3 Jul 1997)
(‘4.)\‘)‘)‘EIO.) AV=0.28 km/s
Launch or blit
(17 Feb 1996) Earth \
§ C3=26 km2/s2 orbit

Mathilde flyby
(27 Jun 1997)

v V=909 /g
Jan 1999) / HESREE RIS

(1

AV

Eros arrival
0

0.95 km/s




Types of encounter (3/3)

« SWINGBY = GRAVITY ASSIST = GRAVITATIONAL SLINGSHOT:
with massive body (=planet), strong gravitational interaction which
significantly perturbs the s/c orbit.

Exploits the between s/c and planet
and the of the planet to alter the path and speed of the s/c
typically in order to save fuel and time.

Gravity assists can be used to decelerate or accelerate the s/c



A BIT OF HISTORY and SOME EXAMPLES

- Mariner 10 & Giuseppe Colombo

' EARTH
NOVEMBER 1973

- VENUS
 FEBRUARY 1974

MERCURY \

MARCH 1974




Mariner 10 Slingshots

Launch

Yenus flyby
Feb 5, 1974

Synchronized gravity-assist maneuvers
looped Mariner 10 past Yenus and back

to Mercury for flybys on Mar 29, 1974,
Sep 21, 1974, and Mar 16, 1975. It is
still executing the loops, but ran out of
fuel to stabilize the craft after three loops.

When Manner 10 passed by Venus
on February 5, 1974 at a distance of
5770 km, it gamed energy from the
collision i what 15 called a slingshot
maneuver. This was a particularly
favorable maneuver, because the
project directors discovered that the
orbit could be fine tuned to loop
around Mercury and back to Venus
i twice Mercury's orbital period, so
that 1t could loop back to look at
Mercury again every second orbit.
oo mstead of one look at Mercury,
the Mariner craft got three flybys
before its fuel ran out.




- Voyager 2 (Launch Sept. 1977, Neptune Aug. 1989)
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- Rosetta: a “date” with Comet 67P/Churyumov-Gerasimenko

Launch: 2 March 2004

First Earth swing-by: 4 March 2005

Mars swing-by: 25 February 2007

Second Earth swing-by: 13 November 2007

Steins fly-by: 5 September 2008

Third Earth swing-by 13 November 2009

Lutetia fly-by: 10 June 2010

Comet rendezvous manoeuvres: 22 May 2014 (@ 5.25AU)
Lander delivery: 10 November 2014

Escorting the comet around the Sun: November 2014 - December 2015
End of mission: December 2015



- Cassini-Huygens: to Saturn and its moons

Launch:15 October 1997,
Venus swing-by: 26 April 1998
Venus swing-by: 21 June 1999
Earth swingby: 18 August 1999

Jupiter swingby : 30 December 2000

Saturn arrival:1 July 2004,
followed by a four-year

orbital tour of the Saturn system.

CASSINI
INTERPLANETARY TRAJECTORY

\
SATURN ARRIVAL
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[ 26 APR 1908 \ |
\ /
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EARTH SWINGBY 15 OCT 1997
18 AUG 1999 3 e

/
=
" "JUPITER SWINGBY
30 DEC 2000
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27 MAR 1998 0.67 AU
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Cassini's speed related to Sun

HI

f ( wnm \

2006 2007

With the use of the (Venus-Venus-Earth-Jupiter Gravity Assist)
trajectory, it takes to reach Saturn and total
Hohmann requires less time (6 years) but a Av of 15.7 km/sec



- Ulysses: in the 3D Solar System

Launch: 6 October 1990
Jupiter swingby: February 1992
Sun’s south pole: 1994

Sun’s north pole: 1995

Sun’s south pole: 2000

Sun’s north pole: 2001

Head back to Jupiter




Patching conics

—__ Geo: Hyperbolic escape

Helio: Elliptical transfer

Target: Hyperbolic arrival



Sphere of Influence (SOI)

Mercury
Venus
Earth
\YETES
Jupiter
Saturn
Uranus
Neptun
Pluto

0.22
1.01
1.50
1.09
53.13
65.32
70.14
115.26
28.95

— 1076 km




Patching at the SOI

Patching at the sphere of influence = passing from one keplerian

arc to the next imposing continuity in position and

(possibly) allowing for discontinuity in velocity (AV) at the patch point
(=on the sphere of influence)

(AV may be eliminated by subsequent optimization)



Broucke, 1984

The physics of GA (1/4)

The mechanism of GA well known for >150 years: capture & escape
of comets due to Jupiter action (Leverrier 1847)

2D case + CR3BP:
P1 (m1l) and P2 (m2 << ml) on circular orbits, P3 (m3 = 0)
d(P1-P2) =d, w(P2) = w

Jacobi constant of P3 is conserved throughout

close encounter

P3 moves on a keplerian (elliptic)
orbit around P1

Study the perturbations/maodification
of such orbit when P3 encounters P2



The physics of GA (2/4)

X = Xcoswt — ysin ot

Y = Xsinwt + ycoswt
X =(X-wYy)cosowt — (Y + oX)sin ot

Y =(X—wY)sinot + (Y + o X)coswt

V2 = vel. vector of P2 in (OXY)

Y = orientation of hyperbola wrt x
rp= periapsis distance

Vp= periapsis velocity relative to P2 -
V., V, = incoming,outgoing inertial vel. e <
V-..,V*, = Incoming,outgoing rel. vel. s\
20 = deflection angle
_ rv2 )

sin28 =| 1+ 22

Gm,
The close approach orbit in 2D
depends on 3 parameters:

e




The physics of GA (3/4)

V. +V,

AV =V, -V, =V} -V = (AX,AY) = (AX,Ay) = (~Av cosy, Avsiny)
AVI| = 2/v_|sin & = (A%, Ay) = (~2v,, cosy sin &, -2V, sinysin &)

Vi

8

|

8 +

0

|

Effect on angular momentum:

C = XY -YX X,Y almost constant
AC = XAY —-Y AX
t=0:AC =dAY = Ah=wdAY =-2@dv_sinssiny

Effect on energy: E-K+U

AE =AK <~ AU =0

AK =-2v_V,singsiny < X =X,Y =y +V,
AE = AK =V, -AV




The physics of GA (4/4)

Effect on semimajor axis:

_Gm,
2a

_4a*v,V,sindsiny
Ad=- %ml

E -

Being a good accelerator depends
on value of circular vel at the surface



Example: from Earth to Mars through a Venus GA

computed with
Numerit Pro (flyby.exe)
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But this is not the whole story...

* Powered gravity assisted trajectories
« Optimization



References (1/3)

« Bate, R.R., Mueller, D.D., White, J.E. (1971): Fundamentals of
Astrodynamics, Dover Publications, New York

 Battin, R.H. (1987): An Introduction to the Mathematics and Methods of
Astrodynamics, AIAA, New York

« Chobotov, V.A. (2002): Orbital Mechanics, Third Edition, AIAA
Education Series

« Danby, J.M.A. (1992). Fundamentals of Celestial Mechanics, Willman-
Bell, New York

« Escobal, R.H. (1983): Methods of Astrodynamics, John Wiley & Sons,
New York

« Gurzadyan, G.A., (1996): Theory of Interplanetary Flights, OPA,
Amsterdam

« Kaplan, M.H. (1976): Modern Spacecraft Dynamics and Control, John
Wiley & Sons, New York

* Roy, A.E. (1978): Orbital Motion, Adam Hilger, Bristol



References (2/3)

Vallado, D. A. (2001): Fundamentals of Astrodynamics and
Applications, Springer

PAPERS:

Broucke, R. A. (1984): The Celestial Mechanics of Gravity Assist,
AlAA paper

Prussing, J.E. (1992): Simple proof of the optimality of the Hohmann
transfer, J. Guidance 15(4), 1037-1038

WWW:

http://www.esa.int/esaSC/SEMXLEOP4HD index 0.html
http://www?2.]pl.nasa.qov/basics/bsf4-1.html
http://www.esa.int/SPECIALS/Rosetta/index.html
http://www.cdeagle.com/



http://www.esa.int/esaSC/SEMXLE0P4HD_index_0.html
http://www2.jpl.nasa.gov/basics/bsf4-1.html
http://www2.jpl.nasa.gov/basics/bsf4-1.html
http://www2.jpl.nasa.gov/basics/bsf4-1.html
http://www.cdeagle.com/
http://www.cdeagle.com/
http://www.cdeagle.com/

References (3/3)

Optimal impulsive manouvres in orbital transfers:
http://naca.central.cranfield.ac.uk/dcsss/2002/EO05a squbini.pdf
Mariner 10, the book: http://history.nasa.gov/SP-424/ch2.htm
http://www.numerit.com/

http://www.cdeagle.com/



http://naca.central.cranfield.ac.uk/dcsss/2002/E05a_sgubini.pdf
http://www.numerit.com/

